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In many cases, the dynamic correlation can be calculated quite accurately and at a fairly low
computational cost in Kohn-Sham density-functional theory �KS-DFT�, using current standard
approximate functionals. However, in general, KS-DFT does not treat static correlation effects �near
degeneracy� adequately which, on the other hand, can be described in wave-function theory �WFT�,
for example, with a multiconfigurational self-consistent field �MCSCF� model. It is therefore of high
interest to develop a hybrid model which combines the best of both WFT and DFT approaches. The
merge of WFT and DFT can be achieved by splitting the two-electron interaction into long-range
and short-range parts. The long-range part is then treated by WFT and the short-range part by DFT.
In this work the authors consider the so-called “erf” long-range interaction erf��r12� /r12, which is
based on the standard error function, and where � is a free parameter which controls the range of
the long-/short-range decomposition. In order to formulate a general method, they propose a recipe
for the definition of an optimal �opt parameter, which is independent of the approximate short-range
functional and the approximate wave function, and they discuss its universality. Calculations on a
test set consisting of He, Be, Ne, Mg, H2, N2, and H2O yield �opt�0.4 a.u.. A similar analysis on
other types of test systems such as actinide compounds is currently in progress. Using the value of
0.4 a.u. for �, encouraging results are obtained with the hybrid MCSCF-DFT method for the
dissociation energies of H2, N2, and H2O, with both short-range local-density approximation and
PBE-type functionals. © 2007 American Institute of Physics. �DOI: 10.1063/1.2566459�

I. INTRODUCTION

Density-functional theory �DFT� is widely used nowa-
days in quantum chemistry, in particular, because it is com-
putationally relatively cheap and thus can be used for large
scale calculations. However, even if current standard ap-
proximate functionals in many cases provide a satisfactory
description of the short-range dynamic correlation �Coulomb
hole�, the static correlation effects �degeneracy or near de-
generacy� and the dispersion interaction effects are in general
not treated adequately. On the other hand, the static correla-
tion effects can be described in wave-function theory �WFT�,
for example, with a multiconfigurational self-consistent field
�MCSCF� model,1 but then an important part of the dynamic
correlation has to be neglected. It can be recovered with
perturbation-theory based methods, for example, CASPT2
�Ref. 2 and 3� or NEVPT2,4 but their computational com-
plexity prevents large scale calculations.

It is therefore of high interest to develop a hybrid WFT-
DFT model which combines the best of both approaches.
Different formulations have been proposed to merge WFT
and DFT. One approach consists in calculating the dynamic
correlation from the density of a MCSCF wave function �see,

for example, Refs. 5 and 6�. The correlation functional must
then be adapted to the active space to avoid double counting
of the dynamic correlation, which is technically not trivial.
This complication can be overcome by splitting the two-
electron interaction into long-range and short-range parts as
proposed by Savin �see, for example, Ref. 7�. In this ap-
proach the long-range interaction is treated within WFT and
the short-range interaction treated within DFT. As we have to
use approximate wave functions and approximate short-
range functionals the following question arises: Can we de-
fine an optimal long-/short-range separation and is it univer-
sal?

The present work is an attempt to answer this question.
It is organized as follows: in Sec. II we present the hybrid
WFT-DFT model based on a long-/short-range decomposi-
tion of the two-electron interaction controlled by the param-
eter �. The definition of an optimal � parameter �opt is then
investigated. In Sec. III A we show that system- and
geometry-dependency problems occur when approximate
short-range functionals and approximate wave functions are
involved in this definition, preventing us to formulate a gen-
eral method. A new definition, based on a clear and natural
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criterion for the assignment of the dynamic correlation to the
short-range interaction and the static correlation �and disper-
sion interaction� effects to the long-range interaction, is then
given in Sec. III B. After discussing the universality of this
definition, we perform in Sec. III C a numerical investigation
of �opt on a small selected set of atoms and molecules chosen
to represent both systems without and with significant static
correlation. Finally, the dissociation energies of H2, N2, and
H2O �fixed at the equilibrium angle� calculated at the hybrid
MCSCF-DFT level are presented and compared to standard
WFT and DFT results in Sec. IV.

II. THEORY

The hybrid WFT-DFT models discussed in the present
paper are based on the separation of the regular two-electron
Coulomb interaction Wee into long- and short-range parts:7

Wee = Wee
lr,� + Wee

sr,�,

�1�

Wee
lr,� =

1

2�
i�j

erf��rij�
rij

,

where erf is the standard error function and � a free param-
eter in �0, +�� which determines the long-/short-range sepa-
ration. Thus the universal functional F�n� introduced by Ho-
henberg and Kohn8 can be decomposed into long-range and
short-range contributions:

F�n� = Flr,��n� + EH
sr,��n� + Exc

sr,��n� ,

�2�
Flr,��n� = min

�→n
���	T̂ + Ŵee

lr,�	�
� ,

where EH
sr,��n� and Exc

sr,��n� denote, respectively, the Hartree
and the exchange and correlation energies related to the
short-range interaction. In this approach the density is there-
fore obtained from a fictitious long-range interacting system
whereas in Kohn-Sham DFT �Ref. 9� �KS-DFT� it is ob-
tained from a fictitious noninteracting one. The KS-DFT is
recovered in the �=0 limit, while the pure WFT is obtained
in the �= +� limit, as seen from Eqs. �1� and �2�. The
ground-state energy, which is obtained according to the
variational principle8 by

E0 = min
n
�F�n� + drvne�r�n�r�� , �3�

can then be expressed using Eq. �2� as

E0 = min
�
���	T̂ + Ŵee

lr,�	�
 + EH
sr,��n�� + Exc

sr,��n��

+ drvne�r�n��r�� , �4�

where n� is the electron density related to the wave function
� and vne�r� the local nuclear attraction potential. The mini-
mizing wave function �lr,� in Eq. �4� also fulfills the follow-
ing self-consistent equation:

�T̂ + Ŵee
lr,� + V̂sr,��	�lr,�
 = E�	�lr,�
 , �5�

where E� is the Lagrange multiplier related to the normaliza-

tion of �lr,� and V̂sr,� is the effective local potential operator
defined as follows:

V̂sr,� = drvsr,��r�n̂�r� ,

�6�

vsr,��r� = vne�r� +
�EH

sr,�

�n
�r� +

�Exc
sr,�

�n
�r� ,

with n̂�r� denoting the density operator. If �=0, the long-
range interaction Wee

lr,� vanishes so that the Kohn-Sham equa-
tion is recovered from Eq. �5�. For �→ +� the short-range
interaction Wee

sr,� vanishes and Eq. �5� reduces to the standard
Schrödinger equation. For 0��� +�, the model is hybrid
since long-range effects are treated in WFT and short-range
effects are treated in DFT.

The theory is so far exact but, since the exact form of the
short-range exchange and correlation functional Exc

sr,��n� is
unknown, an approximate form must be used in practical
calculations. Two approximations have been considered: the
short-range local-density approximation7,10 �SRLDA� and
the short-range generalized gradient approximation �GGA�
denoted PBEHSERI in the following, as an extension of the
PBE functional.11 In the latter case the short-range exchange
PBE functional of the hybrid functional of Heyd et al.12,13 is
used. The short-range correlation functional is obtained by a
rational interpolation between the standard PBE correlation
functional at �=0 and the asymptotic expansion of the
SRLDA correlation functional as �→ +�. The interpolation
we use is the one of Eq. �29� in Ref. 14, except that the d1

coefficient is multiplied by �2 according to Ref. 15.
Moreover, since Wee

lr,� is a two-body operator, the exact
wave function �lr,� is not anymore a single determinant �see
Eq. �5�� as in KS-DFT. All standard approximations used in
WFT �HF, MP2, CI, MCSCF, CC, NEVPT2, etc.� can there-
fore be adapted to the short-range DFT �SRDFT� approach.
The following have been implemented recently:
HF-SRDFT,16,17 MP2-SRDFT,16,18 CI-SRDFT,17,19,20

MCSCF-SRDFT,17 and CC-SRDFT.18 In this work we focus
on the MCSCF-SRDFT method. Combining the MCSCF and
DFT models is envisaged to be an efficient way to treat si-
multaneously both static correlation �assigned to the long-
range effects� and dynamic correlation �assigned to the short-
range effects�, compared to, e.g., CASPT2 and NEVPT2. A
MCSCF-SRDFT combination is computationally interesting
if the wave function has a rather short expansion. Our test
calculations support our presumption that this is usually
achieved if the � parameter is not too large �see Sec. III C�.
However, in some systems like van der Waals complexes, the
calculation of the dispersion energy requires large active
spaces so that the long-range dispersion correlation can be
described properly. The MP2-SRDFT �Refs. 16 and 18� or
CC-SRDFT methods18 are in this case obvious possibilities.
But CC-SRDFT is still computationally expensive and un-
able to tackle cases with static correlation effects since it is a
single-reference method. For such cases a multiconfigura-
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tional and size-consistent extension of the MP2-SRDFT ap-
proach, for example, a NEVPT2-SRDFT method �where Eq.
�5� is solved in perturbation theory using a NEVPT2-type4

zeroth order Hamiltonian�, could be a good alternative. Work
is currently in progress in this direction.

In this paper we use the HF-SRDFT and MCSCF-
SRDFT methods, with both short-range LDA and PBEH-
SERI spin-independent functionals mentioned previously, as
implemented in a development version of the DALTON pro-
gram package.21 The computational implementation details
are given in Ref. 17.

III. DEFINITION OF AN OPTIMAL � PARAMETER

The � parameter which defines the long-/short-range
separation of the two-electron interaction can, in principle,
be chosen arbitrarily. If the short-range exchange and corre-
lation functionals as well as the wave function were exact,
one would get the exact ground-state energy for any value of
�, but in practice the MCSCF-SRDFT energy depends on
�.17 A criterion for choosing an optimal parameter �opt

should therefore be defined for practical calculations. Differ-
ent approaches can be adopted. A semiempirical one defines
�opt as the minimum of the mean absolute error obtained on
some properties. This type of calibration study has been per-
formed on a large set of molecules for KS-DFT calculations
where the long-/short-range separation was used for the ex-
change functional22–26 and leads to a relatively narrow range
of values �0.33 a.u.���0.5 a.u.�. Another approach con-
sists in defining �opt from the minimum MCSCF-SRDFT
energy,17 but then system- and geometry-dependency prob-
lems occur, as shown in Sec. III A. In order to overcome
such complications, we propose in Sec. III B a new defini-
tion of �opt that optimizes the assignment of the dynamic
correlation to the short-range interaction and the static corre-
lation to the long-range interaction, and discuss its universal-
ity. A numerical investigation of �opt, on a small set of atoms
and molecules representing cases without and with signifi-
cant static correlation, is finally presented in Sec. III C.

A. System-dependency problem

Considering the error of the KS-DFT functional at �
=0 and the N-electron ab initio wave-function configuration
error at �= +�, we could define the optimal parameter �opt

as the minimum along the MCSCF-SRDFT energy curve,
ensuring thus for a given molecule the optimal combination
of a given approximate functional and approximate wave
function. Pedersen and Jensen17 and Pedersen27 found that
�opt is strongly system dependent if the SRLDA functional is
used: the higher the core density of the system is, the larger
�opt is. This can be interpreted as follows. On one hand, as
1 /� is a measure of the r12 distance where the model
changes from short-range to long-range interaction as illus-
trated in Fig. 1, for SRLDA �using the “erf” long-range in-
teraction� to be a good approximation, 1 /� should be smaller
than the distance � for which the density only varies slowly,
and beyond this distance we need gradient corrections. Since
this distance in a valence shell �valence is larger than its value

in core shells �core, an optimal � parameter common to both
valence and core electrons must fulfill

� � 1/�core 	 1/�valence. �7�

As a result, the higher the density in the core region is, the
larger �opt is. On the other hand, the single configuration
SRLDA approach is close to exact for the homogeneous
electron gas if all effects of the two-electron interaction are
treated with DFT, that is, if 1 /� is larger than the Wigner-
Seitz radius20 rs= �3/ �4
n��1/3, where n denotes the density.
A smaller 1 /� value would put some part of the two-electron
correlation into the long-range correlation, and thus a longer
configuration expansion would be required for the wave
function. For nonhomogeneous systems, a short configura-
tion expansion of the wave function is highly desirable.
Since the density is higher in the core shell than in the va-
lence shell, the Wigner-Seitz radius for the core rs

core is
smaller than the one for the valence rs

valence, and � is thus
optimal with respect to achieving a short configuration ex-
pansion of the wave function, for both core and valence elec-
trons, if it fulfills

� � 1/rs
valence � 1/rs

core. �8�

Since the core gives the highest contribution to the energy,
the optimal �opt parameter fulfills 1 /rs

core��opt�1/�core,
which means that it is optimal for the core. However, 1 /�core

is in general larger than 1/rs
valence, especially for many-shell

atoms, and therefore �opt cannot also fulfill condition �8�.
Thus, it can only be optimal for the core, not for the valence,
with respect to both the SRLDA functional and the configu-
ration expansion of the wave function. Note that the long-/
short-range separation for the valence thus becomes deter-
mined by the core, and as a consequence, a significant part of
the valence dynamic correlation has to be treated by the MC-
SCF. In this respect this �opt, defined from the minimum
MCSCF-SRDFT energy, does not optimize the combination
of the MCSCF method and DFT.

Using effective core potentials is a possible
alternative,17,19 but then the model enables only the calcula-
tion of valence properties. On the other hand, �opt might be
less system dependent if more accurate short-range function-
als are used. Figures 2 and 3 show for both short-range LDA
and PBEHSERI functionals the HF-SRDFT �uppermost
curve� and MCSCF-SRDFT �lowest curve�s�� energies calcu-

FIG. 1. The “erf” long-range interaction wee
lr,��r12�=erf��r12� /r12 plotted as a

function of r12 for � equal to 2.0, 1.0, and 0.5 a.u.
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lated with respect to � on some selected atoms and mol-
ecules. When several MCSCF-SRDFT active spaces are
used, the lowest curve corresponds, of course, to the largest
one. As expected, the short-range GGA functional PBEH-
SERI does provide a more accurate treatment of the core
correlation in comparison with LDA. Then �opt becomes
smaller and less system dependent. As shown in Fig. 2, it is
in the vicinity of 1 a.u. for He, Ne, and Mg. Nevertheless
�opt is twice this value for Be. Moreover, such a minimum
may not exist as observed for the stretched H2 molecule, for
example �see Fig. 3�. In this case the pure MCSCF model at
�opt= +� gives the lowest energy, which is exact in this spe-
cial case. For N2 at the experimental equilibrium geometry,
the lowest energy is obtained with pure DFT ��opt=0� when
the short-range PBEHSERI functional is used. A similar re-
sult was already obtained by Savin and Flad28 for the He
series, performing CI-SRLDA calculations without the short-
range exchange functional. Let us finally mention that �opt

can also be geometry dependent. In H2, for example, it is
equal to 0.5 a.u. at the experimental equilibrium geometry
and becomes +� for the stretched geometry, when the short-
range PBEHSERI functional is used �see Fig. 3�.

In conclusion, these results show that it is currently im-
possible to define a universal optimal �opt parameter from
the minimum MCSCF-SRDFT energy. They also show that
the system dependency is strongly related to the approximate
short-range functional used and thus can only be reduced by
developing more complicated functionals, which is not
trivial. Instead, we now propose to address the possibility of
defining a universal long-range/short-range separation from a
new angle of view. The initial motivation for merging WFT
and DFT was the lack of significant improvements in the
derivation of approximate KS functionals able to tackle long-
range effects such as static correlation and dispersion inter-
action effects. Thus, we would like to formulate a hybrid

WFT-DFT method that is able to treat in DFT the dynamic
correlation, which can be described fairly accurately by cur-
rent standard-type functionals �LDA, GGA, or hybrid�, and
able to treat in WFT the remaining �long-range� correlation
effects. A � parameter which leads to a maximal separation
of the long-range and dynamic correlations would be optimal
in this respect.

B. Definition of a universal �opt parameter

The analysis of Sec. III A shows that defining �opt from
the minimum MCSCF-SRDFT energy involves the approxi-
mate short-range functional �SRLDA, SRPBEHSERI, etc.�
as well as the approximate wave function �MCSCF�, which
leads to system- and geometry-dependency problems. We ad-
vocate here that, instead of optimizing the combination of
the two approximations �short-range functionals and wave
function�, the criterion for the long-range/short-range separa-
tion should be chosen such that the static correlation �and
dispersion interaction� effects are assigned to the long-range
interaction and the dynamic correlation effects to the short-
range interaction to the maximum possible extent. According
to Eq. �5�, this means that the chosen long-/short-range sepa-
ration should ensure that the wave function is multiconfigu-
rational only in systems where static correlation �or disper-
sion interaction� effects are significant. With such a
separation, the dynamic correlation could be calculated with
short-range extensions of the current standard KS-DFT func-
tionals and the static correlation within the MCSCF method,
which is expected to be optimal with respect to the compu-
tational effort as well as the feasibility of deriving adequate
functionals. Note that in the case of significant dispersion
interaction effects, the MP2-, CC-, or NEVPT2-SRDFT
methods are more appropriate than the MCSCF-SRDFT �see
Sec. II�. In the particular case of a long-/short-range separa-

FIG. 2. Total ground-state energies of
He, Be, Ne, and Mg calculated by the
HF-SRDFT �uppermost curve� and
MCSCF-SRDFT methods �lowest
curve�s�� with respect to the � param-
eter, with the short-range LDA and
PBEHSERI functionals, and compared
to the exact energy �Ref. 33�. The
MCSCF-SRDFT active spaces are
given in parentheses. Basis sets are cc-
pVTZ �Refs. 31 and 32� for He, Be,
and Ne, and 6-311+ +G�3df ,3pd�
�Ref. 37� for Mg.
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tion based on the erf long-range interaction of Eq. �1�, the
optimal �opt parameter should ensure, according to this new
definition, that the wave function is a single determinant in
static correlation- and dispersion interaction-free systems.
For sufficiently small �, so that �r12�1, where r12 denotes
the average correlation distance between two electrons, the
long-range interaction erf��r12� /r12 equals approximately
2� /�
, which is constant. There are thus, in this case, no
correlation effects related to the long-range interaction. As a
result, we can find a range of suitable nonzero �opt values.
On the other hand, �opt should be chosen as large as possible
in order to ensure that, when it is used on systems with
significant static correlation or dispersion interaction effects,
those are fully treated in WFT. Therefore the optimal �opt

parameter can be defined as the largest � value for which the
wave function is a single determinant in systems with no
significant static correlation and dispersion interaction ef-
fects. Note that this definition is, in principle, independent of
the approximate short-range functional and the approximate
wave function used, since, as shown in Eq. �5�, the multicon-
figurational character of the wave function is only deter-
mined by the long-range interaction. It means that further
improvements on the functionals should not change the value

of �opt. Moreover, �opt can be interpreted as the inverse of
the average dynamic correlation distance, r12

valence, between
the valence electrons. Thus, the universality of the optimal
�opt parameter depends only on the interval of the r12

valence

distances obtained in all the systems with no significant static
correlation and dispersion interaction effects. If this interval
is not loo large, an averaged �opt value might be a good
compromise for assigning most of the static correlation to the
long-range interaction. In addition, if we consider, for ex-
ample, rare-gas dimers,18 the averaged distance 1/�opt is ex-
pected to be smaller than half of the interatomic distance,
which means this �opt should also assign the dispersion in-
teraction effects to the long-range interaction. A numerical
investigation of �opt on some selected test systems contain-
ing light elements �He and Ne, as well as H2, N2, and H2O at
equilibrium� is presented in Sec. III C. Note that, in our ap-
proach, r12

valence is a measure of the distance where the corre-
lation changes from dynamic to long range �static correlation
or dispersion interaction effects�. So far, the definition of �opt

ensures that the wave function is well approximated by a
single determinant in systems with only dynamic correlation.
In order to ensure a maximal separation of the dynamic and
long-range correlations, it should also allow the wave func-

FIG. 3. Total ground-state energies of
H2, N2, and H2O calculated at both
equilibrium �left side� and stretched
�right side� geometries by the HF-
SRDFT �uppermost curve� and
MCSCF-SRDFT methods �lowest
curve�s�� with respect to the � param-
eter, with the short-range LDA and
PBEHSERI functionals, and compared
to the CCSD�T� for H2O or exact en-
ergy �Ref. 34� for H2 and N2. The
MCSCF-SRDFT active spaces are for
H2 1�g1�u, for N2

2�g2�u1
u3�g1
g3�u, and for H2O,
given as number of orbitals of
�a1 .b1 .b2 .a2� symmetry: 3.1.2.0,
4.2.2.0, and 6.3.3.1. Basis sets are cc-
pVTZ � Refs. 31 and 32�.
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tion to be multiconfigurational in systems with significant
long-range correlations. Numerical tests on such systems
containing light elements �Be and Mg, as well as the
stretched H2, N2, and H2O molecules� are presented in Sec.
III C. A similar analysis on actinide compounds is currently
in progress.

C. Numerical investigation of �opt

In order to get a first estimate of the optimal �opt param-
eter defined in Sec. III B, we consider a set of five closed-
shell systems with no significant static correlation and dis-
persion interaction effects: two atoms �He and Ne� and three
molecules at the experimental equilibrium geometry �H2, N2,
and H2O�. To investigate the multiconfigurational character
of the wave function with respect to � we first compare the
HF-SRDFT and MCSCF-SRDFT energies. If the short-range
LDA functional is used, the HF-SRDFT and MCSCF-
SRDFT energy curves split �within an accuracy of 10−3 a.u.�
in the vicinity of 0.5 a.u. for the five systems, as shown in
Figs. 2 and 3. As expected, a similar result is indeed obtained
using the more accurate short-range PBEHSERI functional.
On the other hand, the occupation numbers of the natural
active orbitals in the MCSCF-SRDFT calculation indicate
that the wave function is a single determinant for �
�0.4 a.u. within an accuracy of 10−4 for He, Ne, H2, and
H2O and 10−3 for N2 �see Fig. 4�. So far we can conclude
that �opt should be in the vicinity of 0.4 a.u. Note that this
value is in agreement with previous calibration studies, based
on KS-DFT calculations using the long-/short-range separa-
tion for the exchange term only, which also have been taken
as reference for the choice of � in SRDFT calculations such
as MP2-SRDFT �Refs. 16 and 29� or CC-SRDFT.30 Iikura et
al.22 have, for example, shown that the mean absolute error
on the 4s-3d interconfigurational energies of the first-row
transition metals is minimal for �=0.4 a.u. The recent cali-
bration studies of Vydrov et al.23 and Vydrov and Scuseria24

also show that �=0.4 a.u. works well for enthalpies of for-
mation, barrier heights, and ionization potentials. Gerber and
Ángyán25 have reported a slightly larger optimal value
�0.5 a.u.� based on the calculation of enthalpies of formation
for a set of 56 molecules, and Tawada et al.26 found a
slightly smaller value �0.33 a.u.� minimizing the mean abso-
lute deviation of the calculated equilibrium distances for the
dimers of the first- to third-row atoms �except rare-gas
dimers�.

We now consider a set of five systems where static cor-
relation effects are significant: two atoms �Be and Mg� and
three stretched molecules �H2, N2, and H2O�. In all cases, the
HF-SRDFT and MCSCF-SRDFT energies are different for
�=0.4 a.u. �see Figs. 2 and 3�. It means that the wave func-
tion is multiconfigurational, as confirmed by the occupation
numbers of the natural active orbitals of Be and Mg in the
MCSCF-SRDFT �see Fig. 4�. It is an indication that a sig-
nificant part of the static correlation is assigned to the long-
range interaction. But we still have to check that, in those
systems, most of the dynamic correlation is assigned to the
short-range interaction. We thus investigate the configuration

expansion of the wave function. Figure 2 shows that the
MCSCF-SRDFT energies obtained for Mg with two different
active spaces �2s2p3s3p and 2s2p3s3p4s4p� are identical
for �=0.4 a.u. but still differ from the HF-SRDFT energy.
The same was observed for the symmetrically stretched wa-
ter molecule using three different active spaces �see Fig. 3�.
If we now compare with static correlation-free systems such
as Ne or H2O at the experimental equilibrium geometry, both
HF-SRDFT energy curve and all the MCSCF-SRDFT energy
curves �obtained with the different active spaces� split from
�=0.4 a.u. This clearly shows that for �=0.4 a.u. the static
correlation is treated within the MCSCF model and the dy-
namic correlation with DFT. In this respect, choosing the
optimal �opt parameter to be 0.4 a.u. ensures a maximal
separation of the dynamic and static correlations for all the
systems considered in this work. In order to discuss the uni-
versality of the 0.4 a.u. value, it is also of high interest to
investigate molecules with heavier elements. Work is cur-
rently in progress in this direction on actinide compounds.

FIG. 4. Occupation numbers of MCSCF-SRDFT natural orbitals of He, Be,
Ne, Mg as well as H2, N2, and H2O at the equilibrium geometry, calculated
with respect to the � parameter with the short-range LDA and PBEHSERI
functionals. The active spaces are given in Figs. 2 and 3. For Ne, Mg, and
H2O the smallest ones have been used. Basis sets are 6-311+
+G�3df ,3pd� �Ref. 37� for Mg and cc-pVTZ �Refs. 31 and 32� for the other
atoms.
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IV. RESULTS AND DISCUSSIONS

In this section the dissociation energies of H2 and N2, as
well as the symmetric dissociation energy of H2O at the ex-
perimental equilibrium angle H–O–H=104.5°, are calcu-
lated within the MCSCF-SRDFT method using cc-pVTZ ba-
sis sets.31,32 Both short-range LDA and PBEHSERI spin-
independent functionals are tested and the � parameter is set
to 0.4 a.u. according to the analysis of Sec. III C. The results
obtained for the diatomic molecules are presented in Table I.
We note that the equilibrium bond distances obtained at the
MCSCF-SRDFT are in very good agreement with experi-
ment, in particular, when the PBEHSERI functional is used.
They are also very similar to the HF-SRDFT ones, which
was expected since, at the equilibrium geometry, there is
very little static correlation �see Sec. III C�. Secondly, the
large difference between the HF-SRDFT and MCSCF-
SRDFT dissociation energies is a sign of the ability of the
MCSCF-SRDFT to tackle the static correlation at dissocia-
tion, i.e., to dissociate correctly. The occupation numbers of
the active natural orbitals indicate that, for both H2 and N2 at
dissociation, the proper multiconfigurational wave function
is obtained �see Fig. 5�. The MCSCF-SRDFT dissociation
energies are closer to experiment than all the restricted KS-
DFT values but they are still too high. The approximate
short-range functionals used are responsible for this overes-
timation. Let us consider the case of H2, for example. At
dissociation the wave function becomes 	�lr,�

=1/�2�	�g�g
− 	�u�u
� according to Fig. 5, which means
that H2 is dissociated into two neutral hydrogen atoms within
the MCSCF-SRDFT approach. The two electrons, both local-
ized on one hydrogen, have therefore no long-range interac-
tion at dissociation. Moreover, the short-range energy should
be, in principle, equal to zero unless the electron is self-
interacting. With the LDA functional, for example, the short-
range Hartree term equals 0.2306 a.u. and is not compen-
sated by the short-range exchange and correlation

contribution �−0.1784 a.u.�. Their sum �0.0522 a.u.� corre-
sponds essentially to the difference between the MCSCF-
SRLDA energy and the exact energy �see Fig. 6�. For a
single hydrogen atom, the short-range Hartree term, obtained
at the HF-SRLDA level, equals 0.1154 a.u. and is not com-
pensated by the short-range exchange and correlation contri-
bution �−0.0892 a.u.�. Their sum multiplied by 2
�0.0523 a.u.� is almost identical to the energy error obtained
for H2 at dissociation. The same conclusion can be drawn for
the short-range PBEHSERI functional. In this respect our
energy error at dissociation is a self-interaction error. On the
other hand, although the MCSCF method, using the �g�u

active space, describes the dissociation properly, a significant

TABLE I. Equilibrium bond distances Re �Å� and dissociation energies De

�eV� for the ground states of H2 and N2 calculated by MCSCF, RKS-DFT,
HF-SRDFT, and MCSCF-SRDFT �with the short-range LDA and
PBEHSERI functionals and �=0.4 a.u.� methods. The MCSCF and
MCSCF-SRDFT active spaces are 1�g1�u for H2 and
2�g2�u1
u3�g1
g3�u for N2. Basis sets are cc-pVTZ �Refs. 31 and 32�.

Method

H2 N2

Re �Å� De �eV� Re �Å� De �eV�

MCSCF 0.755 4.13 1.106 9.18

RKS-LDA 0.766 6.72 1.096 17.69
RKS-PBE 0.751 6.79 1.103 16.85
RKS-B3LYP 0.743 7.75 1.092 20.44

HF-SRLDA 0.755 10.70 1.082 30.84
MCSCF-SRLDA 0.757 6.05 1.088 16.17

HF-SRPBEHSERI 0.742 10.85 1.086 30.41
MCSCF-SRPBEHSERI 0.744 6.17 1.092 15.73

Expt.a 0.741 4.75 1.097 9.91

aReference 35.

FIG. 5. Occupation numbers of MCSCF-SRDFT natural orbitals of H2 and
N2 calculated with respect to the bond distance using the short-range LDA
and PBEHSERI functionals and �=0.4 a.u.. The active space is 1�g1�u for
H2 and 2�g2�u1
u3�g1
g3�u for N2. Basis sets are cc-pVTZ �Refs. 31 and
32�.

FIG. 6. Potential energy surfaces of H2 calculated by the RKS-DFT �with
both LDA and PBE functionals�, MCSCF, and MCSCF-SRDFT methods
�with both short-range LDA and PBEHSERI functionals and �=0.4 a.u.�
using the active space 1�g1�u, and compared to the exact surface �Ref. 34�.
Basis set is cc-pVTZ �Refs. 31 and 32�.
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part of the dynamic correlation at the equilibrium is not in-
cluded, and therefore the dissociation energy is underesti-
mated, as shown in Table I. It is clear from Fig. 6 that the
MCSCF-SRDFT method recovers much more dynamic cor-
relation than the MCSCF.

The results obtained for the water molecule are given in
Table II. As already observed for the diatomic molecules, the
HF-SRDFT and MCSCF-SRDFT equilibrium bond distances
are almost identical and in very good agreement with experi-
ment. As expected both HF-SRDFT methods overestimate
the symmetric dissociation energy significantly, because of
the wrong dissociation limit for a single determinant
�O�1S�+H2��g

2��, whereas the MCSCF-SRDFT results �13.32
and 13.05 eV� are much closer to the experimental value
�10.06 eV�, but still not satisfactory. Two problems can be
identified: �1� the self-interaction error at dissociation also
needs to be corrected in this case and �2� the dissociation
limit for the oxygen atom is the 1S state instead of the 3P
state. Again, the MCSCF model dissociates correctly but ne-
glects a bigger fraction of the dynamic correlation at the
equilibrium distance than at dissociation and therefore under-
estimates the dissociation energy.

V. CONCLUSIONS

In order to formulate a general hybrid MCSCF-SRDFT
method, we have investigated the possibility of defining an
optimal and universal long-/short-range separation of the
two-electron interaction, characterized by the � parameter in
Eq. �1�. We advocate that this parameter should be chosen so
that the static correlation �and dispersion interaction� effects
are assigned to the long-range interaction and the dynamic
correlation effects to the short-range interaction. We thus
propose to define the optimal �opt parameter as the largest �
value for which the wave function is a single determinant in
systems with no significant static correlation and dispersion
interaction effects. Such a definition is general because it

involves neither the approximate short-range functional
�SRLDA, SRPBEHSERI, etc.� nor the approximate wave
function �HF, MCSCF, CI, CC, etc.�. It is only determined by
the form of the short-/long-range separation, for example, the
erfgau separation14 would lead to another optimal � value.
We have shown that its universality depends only on the
interval of the average dynamic correlation distances be-
tween the valence electrons obtained in all the systems with
no significant static correlation and dispersion interaction ef-
fects. If it is not loo large, an averaged �opt value might be a
good compromise. Calculations on He and Ne, as well as H2,
N2, and H2O at their experimental equilibrium geometries,
all yield �opt�0.4 a.u. Moreover, investigating Be and Mg,
as well as the stretched H2, N2, and H2O molecules, we
observed that such a value leads to a maximal separation of
the static and dynamic correlations. In order to discuss the
universality of the 0.4 a.u. value, a similar analysis on ac-
tinide compounds is currently in progress.

Using the MCSCF-SRDFT method with �=0.4 a.u.
gives very encouraging results for the dissociation energies
of H2 and N2 as well as for the symmetric dissociation en-
ergy of the water molecule. Improvements on the short-range
functionals are nevertheless necessary, in particular, to cor-
rect the self-interaction of the unpaired electrons at dissocia-
tion. Note that such improvements should not, in principle,
modify the optimal �opt parameter since its definition does
not involve the approximate short-range functionals. It is
also clear that enhancements are needed for handling of
open-shell systems, which cannot be completely handled
with the proposed spin-dependent short-range functionals,30

cf. the wrong state obtained for the oxygen atom when in-
vestigating the symmetric dissociation of water.

ACKNOWLEDGMENTS

The authors are grateful to Dr. Andreas Savin for his
comments on this work. This research has been supported by
the Danish Research Council “Forskningrådet for Natur og
Univers” grant �272-05-0469�, the Danish Center for Scien-
tific Computing, and the NANOQUANT project �MRTN-
CT-2003-506842�.

1 B. Roos, in Advances in Chemical Physics: Ab Initio Methods in Quan-
tum Chemistry, edited by K. P. Lawley �Wiley, Chichester, 1987�, Vol. 2,
p. 399.

2 K. Andersson, P.-Å. Malmqvist, B. O. Roos, A. J. Sadlev, and K. Wolin-
ski, J. Phys. Chem. 94, 5483 �1990�.

3 K. Andersson, P.-Å. Malmqvist, and B. O. Roos, J. Chem. Phys. 96,
1218 �1992�.

4 C. Angeli, R. Cimiraglia, S. Evangelisti, T. Leininger, and J.-P. Malrieu,
J. Chem. Phys. 114, 10252 �2001�.

5 J. Gräfenstein and D. Cremer, Chem. Phys. Lett. 316, 569 �2000�.
6 S. Gusarov, P.-Å. Malmqvist, R. Lindh, and B. O. Roos, Theor. Chem.
Acc. 112, 84 �2004�.

7 A. Savin, in Recent Developments and Applications of Modern Density
Functional Theory, edited by J. M. Seminario �Elsevier, Amsterdam,
1996�, p. 327.

8 P. Hohenberg and W. Kohn, Phys. Rev. B 136, 864 �1964�.
9 W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 �1965�.

10 J. Toulouse, A. Savin, and H.-J. Flad, Int. J. Quantum Chem. 100, 1047
�2004�.

11 J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. Lett. 77, 3865
�1996�.

TABLE II. Equilibrium O–H bond distance Re �Å� and symmetric dissocia-
tion energy De �eV� for the ground state of H2O �with a fixed H–O–H angle
of 104.5°� calculated by MCSCF, RKS-DFT �with the LDA and PBE func-
tionals�, HF-SRDFT, and MCSCF-SRDFT �with the short-range LDA and
PBEHSERI functionals and �=0.4 a.u.� methods. The active space 3.1.2.0,
given as number of orbitals of �a1 .b1 .b2 .a2� symmetry has been used for
both MCSCF and MCSCF-SRDFT calculations. Basis sets are cc-pVTZ
�Refs. 31 and 32�.

Method Re �Å� De �eV�

MCSCF 0.963 8.31

RKS-LDA 0.970 16.06
RKS-PBE 0.969 15.14

HF-SRLDA 0.961 19.30
MCSCF-SRLDA 0.962 13.32

HF-SRPBEHSERI 0.958 18.82
MCSCF-SRPBEHSERI 0.959 13.05

Expt. 0.957a 10.06b

aReference 36.
bReference 11.

074111-8 Fromager, Toulouse, and Jensen J. Chem. Phys. 126, 074111 �2007�

Downloaded 22 Feb 2007 to 130.226.87.177. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



12 J. Heyd, G. E. Scuseria, and M. Ernzerhof, J. Chem. Phys. 118, 8207
�2003�.

13 J. Heyd and G. E. Scuseria, J. Chem. Phys. 120, 7274 �2004�.
14 J. Toulouse, F. Colonna, and A. Savin, Phys. Rev. A 70, 062505 �2004�.
15 P. Gori-Giorgi and A. Savin, Phys. Rev. A 73, 032506 �2006�.
16 J. G. Ángyán, I. C. Gerber, A. Savin, and J. Toulouse, Phys. Rev. A 72,

012510 �2005�.
17 J. K. Pedersen and H. J. A. Jensen, J. Chem. Phys. �to be published�.
18 E. Goll, H.-J. Werner, and H. Stoll, Phys. Chem. Chem. Phys. 7, 3917

�2005�.
19 T. Leininger, H. Stoll, H.-J. Werner, and A. Savin, Chem. Phys. Lett.

275, 151 �1997�.
20 R. Pollet, A. Savin, T. Leininger, and H. Stoll, J. Chem. Phys. 116, 1250

�2002�.
21 T. Helgaker, H. J. Aa. Jensen, P. Jørgensen et al., DALTON, Release 2.0, an

electronic structure program, 2005 �www.kjemi.uio.no/software/dalton/
dalton.html�.

22 H. Iikura, T. Tsuneda, T. Yanai, and K. Hirao, J. Chem. Phys. 115, 3540
�2001�.

23 O. A. Vydrov, J. Heyd, A. V. Krukau, and G. E. Scuseria, J. Chem. Phys.

125, 074106 �2006�.
24 O. A. Vydrov and G. E. Scuseria, J. Chem. Phys. 125, 234109 �2006�.
25 I. C. Gerber and J. G. Angyan, Chem. Phys. Lett. 415, 100 �2005�.
26 Y. Tawada, T. Tsuneda, S. Yanagisawa, T. Yanai, and K. Hirao, J. Chem.

Phys. 120, 8425 �2004�.
27 J. K. Pedersen, Ph.D. thesis, University of Southern Denmark, 2004.
28 A. Savin and H.-J. Flad, Int. J. Quantum Chem. 56, 327 �1995�.
29 I. C. Gerber and J. G. Angyan, Chem. Phys. Lett. 416, 370 �2005�.
30 E. Goll, H.-J. Werner, H. Stoll, T. Leininger, P. Gori-Giorgi, and A.

Savin, Chem. Phys. 329, 276 �2006�.
31 T. H. Dunning, J. Chem. Phys. 90, 1007 �1989�.
32 D. Woon and T. H. Dunning, J. Chem. Phys. 100, 2975 �1994�.
33 S. J. Chakravorty, S. R. Gwaltney, E. R. Davidson, F. A. Parpia, and C.

F. Fischer, Phys. Rev. A 47, 3649 �1993�.
34 G. C. Lie and E. Clementi, J. Chem. Phys. 60, 1275 �1974�.
35 G. C. Lie and E. Clementi, J. Chem. Phys. 60, 1288 �1974�.
36 J. B. Hasted, in Water: A Comprehensive Treatise, edited by F. Franks

�Plenum, New York, 1972�, Vol. 1, pp. 255–309.
37 A. D. McLean and G. S. Chandler, J. Chem. Phys. 72, 5639 �1980�.

074111-9 Long-/short-range separation J. Chem. Phys. 126, 074111 �2007�

Downloaded 22 Feb 2007 to 130.226.87.177. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp


