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Many-Body problem: same old problem but
with an infinite number of electrons
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% Some notions on periodicity and band structure
¥ Properties of interest: Photoemission and Absorption

3 Two state-of-the-art methods for solid state: DFT & MBPT

3 Conclusions



How to model a solid?

surfi finite bulk surf
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How to model a solid?

¥ (solid=system with translational symmetry)
surf: finite bulk = infinite bulk
’ o () () o :‘ |Ons ..... o ‘: é ® -----

An elementary unit

(one or more atoms)
V(r) vva\/\/ is repeated

PR throughout space



How to model a solid?

¥ (solid=system with translational symmetry)
surf: finite bulk = infinite bulk
’ o () () o :‘ IOﬂS ..... o ‘: é ® -----

An elementary unit

(one or more atoms)
V(r) \/\/a\/\/ is repeated

PR throughout space

V(r+a)=V(r)= p(r+a)=p(r)

¥ (solid=cluster, fragment or both (optionally embedded))
Higher theory level
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Closer to the periodic limit

Adapted from: Usvyat et al., WIREs Comput Mol Sci. 8, e1357 (2018)



From molecular orbitals to band structure:

Electronic bands as limit of and combinations of atomic orbitals
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Adapted from: Roald Hoffmann, Angew. Chem. Int. Ed. Engl. 26, 846 (1987)



From molecular orbitals to band structure:

Electronic bands as limit of and combinations of atomic orbitals
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From molecular orbitals to band structure:

Electronic bands as limit of and combinations of atomic orbitals
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Adapted from: Roald Hoffmann, Angew. Chem. Int. Ed. Engl. 26, 846 (1987)



From molecular orbitals to band structure:

s the physisist’'s view
0 2 3 4. by, = Zeikm){n Bloch’s functions
s o (g "

Adapted from: Roald Hoffmann, Angew. Chem. Int. Ed. Engl. 26, 846 (1987)



From molecular orbitals to band structure:

= the physisist's view
==
s .O .1 .2 .3 .4”' e Zeikm){n Bloch’s functions
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Adapted from: Roald Hoffmann, Angew. Chem. Int. Ed. Engl. 26, 846 (1987)



From molecular orbitals to band structure:
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K Is a symmetry label and a node counter, and represents electron momentum(k = % = %)
The space of k is called reciprocal or momentum space

Adapted from: Roald Hoffmann, Angew. Chem. Int. Ed. Engl. 26, 846 (1987)



From molecular orbitals to band structure:
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Adapted from: Roald Hoffmann, Angew. Chem. Int. Ed. Engl. 26, 846 (1987)



Insulators, semiconductors, (semi)metals
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Properties: spectroscopy

Direct Photoemission Inverse Photoemission Absorption
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Adapted from: Patrick Rinke, Hands-on Tutorial on Ab Initio Molecular Simulations: Toward a First-Principles Understanding of
Materials Properties and Functions



Properties: spectroscopy

Direct Photoemission Inverse Photoemission
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Ab-initio theories: functional theories
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e.g. the density or
quasiparticles

Interacting system



Theoretical framework

DFT 5 MBPT
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% Electron correlation

how do we approximate many-body effects ?

¥ Observables

how do we express the observable of interest in terms of the reduced quantity of choice ?



Density Functional Theory

p(r) = prs(r)
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density p(I‘) = Z ’¢f(S(r)|2

Hohenberg & Kohn, PR 136 , B864 (1964): Kohn & Sham, PRA 140 , 1133 (1965)

Self-consistent
solution



Density Functional Theory

p(r) = prs(r)
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Hohenberg & Kohn, PR 136 , B864 (1964): Kohn & Sham, PRA 140 , 1133 (1965)



Time-dependent Density Functional Theory

p(I‘, t) — pKS(r7 t)

veazt(t) 4 ) 2 __; ® ) - (V) KS(t)
) i e
Q X . ()
many-body system Kohn-Sham system
1 2 KS
KS equations 5 V* +vgs(r, t)| ¢;
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solution

density ,O(I',t) == Z l¢z’KS(r7 t)|2

Runge & Gross, Phys. Rev. Lett. 52, 997 (1984)



Time-dependent Density Functional Theory

p(I‘, t) — pKS(r7 t)
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(TD)-Density Functional Theory

3 Observables

- total energy

Bbl= ) - % / dre! S (r) V21 (r) + / drv(rm(r)% / e P00 ) L [

v —r'|

- lonisation potential (minimal energy to remove an electron)

I =Ey(N —1)— Eg(N) = —€B8°
- Fundamental band gap
Gtanda =1 — A=Gks + A

- Neutral excitations

X (W) = xkxs(w) + xxs(w) frze(w)x(w)



(TD)-Density Functional Theory

*
total energy
Eplp| = Z—% /dr%KS*(r)VQ@KS(r)Jr/drv(r),O(r)%—% /drdr’ '0‘(1‘1.)_'0(;,? +Ege|o]

lonisation potential (minimal energy to remove an electron)

I =FEy(N —1)— Ey(N) = —€B5

Fundamental band gap

Gtuind =1 — A =Gks + A

| | 5vHa:c
Neutral excitations V/ (5,0

X (W) = xkxs(w) + xxs(w) frze(w)x(w)




(TD)-Density Functional Theory

*
total energy
Eplp| = Z—% /dr%KS*(r)VQ@KS(r)Jr/drv(r),O(r)%—% /drdr’ '0‘(1‘1.)_'0(;,? +Ege|o]

lonisation potential (minimal energy to remove an electron)

I =FEy(N —1)— Ey(N) = —€B5

Fundamental band gap

Gtuind =1 — A =Gks + A
5vHa:c

Neutral excitations /

Y(w) = xxs(w) + m(wp(w)

RPA/ALDA
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DF T: fundamental gap
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Baerends, Phys.Chem.Chem.Phys. 19, 15639 (2017)
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fundamental gap

Bandgaps of Si, InP, GaAs, AlP, ZnO,
ZnS, C, BN, MgO, LiF
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DF T: Photoemission spectra

¥ Bulk Si

---- (a) DFT-LDA
— (b) DFT-TB0Y

DOS=Density of state

D(E) = - 3" 8(F — B(k)

(c) Gy W,@LDA

Energy (eV)
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DFT band structures

Waroquiers et al. PRB 87, 075121 (2013)
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DF T: Photoemission spectra
¥ Bulk NiO (ParaMagnetic phase)
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Di Sabatino, Berger & Romaniello JCTC 15, 5080 (2019)



DFT: Optical spectra

% Simple metals X Standard semiconductors
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https://arxiv.org/abs/1908.00808

DFT:. Optical spectra
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DFET: conclusions

% Band gap, direct (quasiparticle) photoemission spectra,
optical spectra well described in simple metals and standard
gapped materials

¥ Strongly correlated materials, photoemission spectra, optical
spectra of 2D/van der Waals materials still a major challenge



Many-Body Perturbation Theory

1-body Green’s function G(1,2) - —i<\If0|T [@2(1)@&(2)} |‘Ifo> ) L

Hedin, PR 139, A796 (1965)



Many-Body Perturbation Theory
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Many-Body Perturbation Theory
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Hedin, PR 139, A796 (1965)



Many-Body Perturbation Theory
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Hedin, PR 139, A796 (1965)
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Levels of self-consistency



Levels of self-consistency

best G best W philosophy (usually from KS G)
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Levels of self-consistency

¥ best G best W philosophy (usually from KS G)
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Levels of self-consistency

¥ best G best W philosophy (usually from KS G)
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Levels of self-consistency

best G best W philosophy (usually from KS G)
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Levels of self-consistency

best G best W philosophy (usually from KS G)
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Many-Body Perturbation Theory

3 Observables

- total energy

Eq = —E/Xm lim ”Li —|—h0(I‘1) G(l 2)
2 Ot1

2—1+

> density matrix
v(x1,%2) = —iG(1,x2t]) = —z/
- removal/addition energies

AkR Bk,A
G —
(@) ;w—ek—zn+zw—eﬁ—l—in

dw

iw0T
2T <@

- spectral function (PES)

AW) = —|SG(w)

- Neutral excitations
L(w) ~ LO( ) = LO( )_,chL(w)



Many-Body Perturbation Theory

3 Observables

- total energy

Eq = —E/Xm lim ”Li —|—h0(I‘1) G(l 2)
2 Ot1
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> density matrix
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- removal/addition energies
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Many-Body Perturbation Theory

total energy
Eq = ks /Xm lim ”Li —|—h0(I‘1) G(l 2)
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MBPT: Photoemission spectra

*

Bulk VO2 (insulating phase)
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Multiple quasiparticle solutions

3 H-> molecule
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Self-screening problem

3 Hubbard dimer 1/4 filling T. =
C
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Plasmaron (hole-plasmon) artifact
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Missing strong correlation

U
3 Hubbard dimer 1/2 filling T.x : . ®

Spectral function
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Romaniello, Bechstedt & Reining, PRB 85, 155131 (2012)




Missing strong correlation

% Bulk NiO (ParaMagnetic phase)
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Beyond GW: screened T matrix
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Beyond GW: screened T matrix
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Romaniello, Bechstedt & Reining, PRB 85, 155131 (2012); Springer et al., PRL 80, 2389 (1998)



Beyond GW: screened T matrix

¥ The 6eV satellite in Ni PES
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Beyond GW: screened T matrix

¥ Hubbard dimer at 1/2 filling

=4 U=4-7
t=1 =10

Spectral function

—

Romaniello, Bechstedt & Reining, PRB 85, 155131 (2012)



Multiple solutions

Dyson equation G = Gy + GoX|G|G » multiple solutions

G0—>G



Multiple solutions

G =Gp + GOZ[G]G

one-point model
1
‘ EHFG Ve] = —=v.G

2
= |
e PhY?'.C.?'.
O b |
GAF oo
Pr = < unphysical
8.1 7 ]
/
L. g
-3 II
/1 | I | I l l | ]
0 2 4 " 6 8
VcGO

Stan, Romaniello, Rigamonti, Reining & Berger
NJP 17, 093045 (2015)

Tandetzky et al. 92, 115125 (2015)

>
G0—>G



Multiple solutions

Dyson equation G = Gy + GoX|G|G ——  multiple solutions
0-=7
A

one-point model
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Unconstrained domain of the self-energy
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0 2 4 " 6 8 PRB 96, 045124 (2017)
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Stan, Romaniello, Rigamonti, Reining & Berger
NJP 17, 093045 (2015)

Tandetzky et al. 92, 115125 (2015)



Multiple solutions: a realistic example

¥ Absorption spectrum of LiF
25
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Sharma et. al. PRL (2011)



Multiple solutions: a realistic example

¥ Absorption spectrum of LiF
25
Experiment —e—
” Physical solution —
20 - Unphysical solution (x 20) ------- ]
S 15
E—
?
< 10F
5 L
O10 12 14 1|6 118 2|O
Frequency (eV)
e(w) = 1/[1 + vex(w)]
14+ v.x(w=0
V(@) = X0(w) + x0(w) frrac XX () foe =i
Xo(w = 0)

Sharma et. al. PRL (2011)

Stan, Romaniello, Rigamonti, Reining & Berger, NJP 17, 093045 (2015)



G from a functional differential equation

% Dyson eq.
G =Gy + GouG



G from a functional differential equation

3 Dyson eq.
G =Gy + GouG

oG

—1
5Vea:t G

> = vy + v,

% 1st order nonlinear coupled functional differential egs
0G

G = G() -+ G()”UHG -+ G()VextG -+ ’iG()UC 5V
ext

Kadanoff & Baym -Quantum Statistical Mechanics NY (1962) p. 44



G from a functional differential equation

% Dyson eq.
G =Gy + GouG

oG

—1
6Vea:t G

> = vy + v,

3% 1st order nonlinear coupled functional differential egs

0G
5Vea}t

G = G() -+ G()”UHG + GoVextG + ’iG()UC

What strategy can be used to find the general solution?
Is there more than one solution?

If yes, how can the physical solution be determined?



G from a functional differential equation

G =Gy + GouG

oG

G_l
5Vea:t

> = vy + v,

G = G() -+ G()’UHG -+ G()VextG -+ iG()UC 5‘/
ext

lineg@rrization + spin/space decoupling Si  Fillspectrum

- Intrinsic %n\%
e S
G=G"e o

e " o \.P.
L
(ol
-60 -5IO -4IO -30 -2IO -1IO

Guzzo et al., PRL 107, 166401 (2011)
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The Many-Body Effective Energy Theory

1.Treat separately G%(w) and G4 (w) as it is done in experiments.

kR k,A
Gm(w): Z Bzz = 4 Z B’L’L —

\ J/ \ J/
VO VO

direct photoemission (GE)  inverse photoemission (G%)



The Many-Body Effective Energy Theory

1.Treat separately G%(w) and G4 (w) as it is done in experiments.

B B4
Gm(w) — Z i1 - 4 Z 11 —

\ J/ \ J/

direct photoemission (GE)  inverse photoemission (G#)

2. Introduce a dynamical effectixe energy, 5f/ 4(w), which o
describes all the poles of G4 (w) h___

This effective energy can be expressed as a continued
fraction of moments of GR/A S

Berger et al. PRB 82, 041103(R) (2010)
Di Sabatino, Berger, Reining & Romaniello, PRB 94, 155141 (2016)
Di Sabatino, Berger & Romaniello JCTC 15, 5080 (2019)



The Many-Body Effective Energy Theory

1.Treat separately G%(w) and G4 (w) as it is done in experiments.

B B4
Gm(w) — Z i1 » 4 Z 11 -

\ J/ \ J/
VO VO

direct photoemission (GE)  inverse photoemission (G#)

2. Introduce a dynamical effectixe energy, 5f/ 4 (w), which o
describes all the poles of G4 (w) o
This effective energy can be expressed as a continued

fraction of moments of GR/A .

= Dk szz'(ﬁk)n
vt kB

3. Truncate the continued fraction to obtain practical approximations

GR(w) =

Berger et al. PRB 82, 041103(R) (2010)
Di Sabatino, Berger, Reining & Romaniello, PRB 94, 155141 (2016)
Di Sabatino, Berger & Romaniello JCTC 15, 5080 (2019)



The Many-Body Effective Energy Theory

% 12-site Hubbard model at 1/2 filling

U =4 =
Elt=1 wmw |10 GW
AN A N 82 o
Jk L 5L {41 from RDMFT
M D W R

Spectral function [arb. units]
é l l
’

Di Sabatino, Berger, Reining & Romaniello, PRB 94, 155141 (2016)



The Many-Body Effective Energy Theory

*

Spectral function
[arb. units]

Spectral function
[arb. units]

Di Sabatino, Berger & Romaniello JCTC 15, 5080 (2019)
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Absorption

Optical spectra

Absorption

I

1 2 3 4 5 6
Frequency (eV)

Marini et al., PRL. 91, 601 (2002)
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MBPT: conclusions

% Band gap, photoemission spectra, optical spectra well described
In standard, wide-gap & 2D/van der Waals gapped materials

X Strongly correlated materials & beyond adiabatic approximation
still a2 major challenge
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