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A recently developed formalism in which Kohn-Sham calculations are combined with an
“average pair density functional theory” is reviewed, and some new properties of the ef-
fective electron-electron interaction entering in this formalism are derived. A preliminary
construction of a fully self-consitent scheme is also presented in this framework.
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1. Introduction

Kohn-Sham (KS) Density Functional Theory!® (DFT) is nowadays one of the most
popular methods for electronic structure calculations both in chemistry and solid-
state physics, thanks to its combination of low computational cost and reasonable
performances. The accuracy of a KS-DFT result is limited by the approximate na-
ture of the exchange-correlation energy density functional F,.[n]. Typical cases in
which present-day DFT fails are strongly correlated systems, the description of van
der Waals forces, the handling of near degeneracy. Much effort is put nowadays in
trying to improve the DFT performances via the construction of better approxima-
tions for the KS E,.[n] (for recent reviews, see, e.g., Refs. 2, 3, 4), or via alternative
routes, like, e.g., the use of non-KS options.? A popular trend in the development
of new KS FE,.[n] is the use of the exact exchange functional E;[n] (in terms of
the KS orbitals), and thus the search for an approximate, compatible, correlation
functional E.[n].

In this work we review the basis of a theoretical framework®” in which KS-
DFT is combined with an “average pair density functional theory” (APDFT) that
provides an explicit construction for E.[n], transfering the work of finding an ap-
proximate functional to the search of an effective particle-particle interaction. A
self-consitent scheme for this approach is presented, and some new properties of
the effective interaction that enters in this combined formalism are derived. Very
preliminary applications are discussed.
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2. Definitions

Our target problem is finding the ground-state energy of the standard N-electron
hamiltonian in the Born-Oppenheimer approximation (in Hartree atomic units, i =
m = ag = e = 1, used throughout},

H:T'i'v:ee'i‘vnea (1)
1 N
i=1
N
1 1
Ve =2 0, (3)
27 ri —
J

N
Vne = Zvne (ri)7 (4)
i=1
where vy, is the external potential due to nuclei. Given ¥, the exact ground-state

wavefunction of H, we consider two reduced quantities that fully determine, respec-
tively, the expectation values (¥|V,|¥) and (¥|V,.|¥), i.e., the electronic density,

n(r) =N Z /I\I/(I‘O'l,rQO'Q,...,I’NO'N)|2dI'2...dI‘N, (5)
ON

and the spherically and system-averaged pair density f(ri2) (APD), which is ob-
tained by first considering the pair density Pa(ri,ra),

Py(ri,r2) = N(N — 1) Z /|‘I’(1°101,1"202,r303,---,PNUN)|2dr3~-~drN, (6)
ON

and then by integrating it over all variables except 712 = |r; — ra|,

1 dQ
I P ri2
flri2) 2/ »(r1, 1) T dR, (7)
where R = %(rl + rs), rie = ro — ri. The function f(r12) is also known in

chemistry as intracule density,®'# and, in the special case of a an electron lig-

uid of uniform density n, is related to the radial pair-distribution function g(ri2)
by g(r) = 2f(r)/(nN). We thus have

(V] 0 = / () one (r)dr ®)
e

In the following text we will also deal with modified systems in which the external
potential and/or the electron-electron interaction is changed. Thus, the notation V.
and V. will be used to characterize the physical system, while the modified systems
will be defined by V' = Zi\il v(r;) and W = 4 Zgé] w(|r; —r;]), where the pairwise
interaction w always depends only on |r; — r;|.
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3. The Exchange-Correlation Functional of KS-DFT

In standard DFT one defines a universal functional of the one-electron density n(r)
as resulting from a constrained search over all the antisymmetric wavefunctions ¥
that yield n'®

Flni Vel = i (FIT 4 Ve | ), (10)
or, more completely, as a Legendre transform!®
F[n; Vee] = sup {mm( |T + Vee + V|¥) — / (r)v(r)dr} . (11)

In both Egs. (10) and (11}, the dependence on the electron-electron interaction
has been explictly shown in the functional. The universality of the functional F
stems exactly from the fact that the e-e interaction is always 1/r13. The ground-
state energy Ey of the system can then be obtained by minimizing the energy with
respect to n,

Ly = mgn {F[n, Vee] + /n(r)vne(r)dr} . (12)
A possible way to derive the Kohn-Sham equations in DFT is to define a set of
hamiltonians depending on a real parameter \,179
H =T+ W*+ V4 (13)
having all the same one-electron density, equal to the one of the physical system
n*(r) = n(r) VA (14)

If Whetvs = V., and W0 = 0 (e.g., W* = AV,.), one can slowly switch off the
electron-electron interaction, while keeping the density fixed via a suitable exter-
nal potential V*. Obviously, the APD f(r12) changes with A\. By the Hellmann-
Feynmann theorem,

w11 v (¢
2w B 0y = [ P2 a1 [ D, 15)

so that by directly integrating Eq. (15), and by combining it with Eq. (12), one
obtains

Aphys A
Fln; Vee] = Ts[n] + / d)\/drlng(rm)aw—a()\ﬁQ, (16)
0

where Ts[n] = F[n;0] is the kinetic energy of a noninteracting system of N spin-
fermions with density n(r). The adiabatic connection in DFT thus naturally defines
the Kohn-Sham non-interacting kinetic energy functional Ts[n]. The second term in
the right-hand-side of Eq. (16) is an exact expression, in terms of the APD f*(r;2),
for the Hartree and the exchange-correlation functional, Ex|n] + E,.[n]. The one-
body potential at A = 0 is the familiar Kohn-Sham potential, v*=%(r) = vks(r).
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The traditional approach of DFT to construct approximations for E.[n] is based
on the idea of universality. For example, the familiar local-density approximation
(LDA) consists in transfering, in each point of space, the pair density from the uni-
form electron gas to obtain an approximation for f*(ri2) in Eq. (16). Our aim is
to develop an alternative strategy in which realistic APD f*(ry2) along the DFT
adiabatic connection are constructed via a formally exact theory that must be com-
bined with the KS equations in a self-consitent way. The formal justification for this
“average pair-density functional theory” (APDFT) is the object of the next Sec. 4.

4. Average Pair Density Functional Theory

As shown by Egs. (8) and (9), the APD f(r12) couples to the operator V.. in the
same way as the electronic density n(r) couples to V,,.. In order to derive an “average
pair density functional theory” (APDFT) we thus simply repeat the steps of the
previous Sec. 3 by switching the roles of f and n, and of V.. and V,...7

We thus define a system-dependent functional (i.e., a functional depending on
the external potential V., and thus on the specific system) of the APD f(r12) as

where, again the minimum is over all antisymmetric wavefunction ¥ that yield a
given f(ri2). We can also define the system-dependent functional G as

Glf; Vael = sup {rr%n(lllT + W+ Vie V) — /f(le)w(T’12)dr12} . (18)
The ground-state energy could then be obtained as
. f(ri2)
Ey = y Vne - s 1
0 ]peljl\% {G[f,V ]—i—/ o driy (19)

where Ny is the space of all N-representable APD (i.e., coming from the contraction
of an N-particle antisymmetric wavefunction). The definition of the space N is
evidently related to the N-representability conditions for the pair density, for which
recent interesting progresses have been made.?? In our case, however, we combine
APDFT with DFT so that the minimization of Eq. (19) is never directly carried
on.

In order to find the analog of the KS system for APDFT, we define an adiabatic
connection similar to the one of Eq. (13) in which, this time, we switch off the
external potential. We thus introduce a set of hamiltonians depending on a real
parameter &,

HS =T+ W4+ V¥, (20)
in which the function f(r12) is kept fixed, equal to the one of the physical system,
fri2) = f(riz)  VE. (21)
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If Véoivs = V. and VE=0 = 0 (e.g., V¢ = £V,,e), we are switching continuously from
the physical system, to a system of N free electrons interacting with a modified
potential w&="(r12). That is, f(r12) is kept fixed as £ varies by means of a suitable
electron-electron interaction W¢ while the one-electron density n(r) changes with
£. Again, by the Hellmann-Feynmann theorem, we find

OES owe  gve At At
850 = (W] 5+ o |\I/§>:/f(r12)%dr12+/n5(r) Uag(r)dr, (22)
so that

At (r)
o

€phys

GlsVae =T+ [ de [[arnte) (23
where Tt[f] is the kinetic energy of a system of N free (zero external potential)
interacting spin-3 fermions having the same f(ri2) of the physical system. In the
case of a confined system (atoms, molecules) the effective interaction w*=%(rys)
must have an attractive tail: the hamiltonian corresponding to £ = 0 in Eq. (20)
describes a cluster of fermions whose center of mass is translationally invariant. The
functional T¢[f] is the internal kinetic energy of this cluster.

To fix the ideas, consider the simple case of two electrons, e.g. the He atom.
When £ = 0, we have two fermions in a relative bound state (similar to the case
of positronium, but with a different interaction). This relative bound state is such
that the square of the wavefunction for the relative coordinate 712 is equal to f(r12)
of the starting physical system. The corresponding effective interaction wé=0(r;2),
obtained” by inversion from a very accurate wavefunction,?' is shown in Fig. 1, for
the case of the He atom.

Fig. 1. The electron-electron interaction at the two ends of the APDFT adiabatic connection of
Eqgs. (20)-(21) in the case of the He atom.

For more than two electrons, T¢[f] is still a complicated many-body object. More-
over, since the corresponding w®=C(r2) can have an attractive tail (as in the case



2454 P. Gori-Giorgi & A. Savin

N = 2), we may have an “exotic” true ground-state for the cluster, i.e., the cluster
state with the same f(r12) of the physical system can be an excited state. However,
we have to keep in mind that our aim is not to solve the many-electron problem by
means of APDFT alone: we want to use APDFT to produce realistic f(r12) along
the DFT adiabatic connection of Eqs. (13)-(14). To this end, we proposed®” an
approximation for the functional T¢[f] based on a geminal decomposition,

Tylfl = min Z di | = V7, i), (24)

where 9;(r12) are some effective geminals (orbitals for two electrons, but only de-
pending on the relative distance r12), and 19; some occupancy numbers to be chosen.
For example, one can always make a “bosonic” choice, by occupying only one gem-
inal,?? equal to 1/f(r12). The geminals 9/;(r12) then satisfy the equations

[_vgu + weﬁ(r12)]¢i(r12) = € ¢¢(7‘12)
{ Zz 192"7#1(7“12”2 = f(?“lg), (25)
with
wef’f(’f’lQ) = 1 5G[f] N 5Tg[f] (26)

riz - 0f(riz)  0f(ria)’
The approximation of Eq. (24) is mainly motivated by the need of having simple
equations for f(ri2) (the one-dimensional character of Eqs. (25) is of course very
appealing). Notice that only in the case N = 2 we have Ty[f] = T¢[f], and thus the
effective interaction weg(r12) of Eqgs. (25) becomes equal to wé=C(ry2).

5. Combining DFT and APDFT in a Self-Consistent Way

As explained in the previous sections, to compute the expectation value of the
physical hamiltonian of Eq. (1) we only need f(ri2) and n(r) for V.. and V,.., and
the non-interacting KS kinetic energy T[n] plus the APD f*(r15) along the DFT
adiabatic connection (13) for the expectation value of T'; schematically:

(WHIE) = @T0) + (U]Verl¥) + (9Tl ) o
Ts[n]+f>(r12) fri2) n(r)

Our aim is to obtain n(r) and 7;[n] via the KS equations, and f*(r12) via Egs. (25),
which can be generalized to any hamiltonian along the DFT adiabatic connection,
by simply replacing the physical hamiltonian H with H* of Egs. (13)-(14) in the
steps of Sec. 4.

A self-consitent scheme for this construction reads

(T + Vks) Pxs = ExsPks = n(r), Tin] (28)
(V2 +wig(rie; )]} (r12) = €] 9 (r12)
{ZZ 19¢|1/}{\(7"1;f) 2 2: fA(r12), 2 2 ” ) (29)

Aphys A
Ey = min {Ts [n] +/0 d)\/druf)\(rn)awa—(;m) + /drn(r)vne(r)} . (30)

VKs
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The computation starts with a trial vkg(r) in the KS equations, schematically rep-
resented by Eq. (28), where ®xg is the Slater determinant of KS orbitals. From the
KS equations we thus get a first approximation for the density n(r) and the non-
interacting kinetic energy T;[n]. Provided that we have a prescription to build an ap-
proximate wg for a given density n(r) (see next Sec. 6), we can obtain f*(r12) along
the DFT adiabatic connection from Eqs. (29). In general, this step is not expensive:
Egs. (29) are unidimensional, and if the dependence of w>‘(r12) on A is smooth,
few A values (5-20) are enough to provide a good estimate of the coupling-constant
average. The physical ground-state energy Ejy is then evaluated via Eq. (30). The
procedure should then be repeated by optimizing the KS potential vks, so that
Ey is minimum. The N-representability problem of the KS exchange-correlation
functional is clearly shifted to the N-representability problem for f*(ri2). In view
of the new conditions derived for the pair density,?® this seems to leave space for
improvements.

6. Properties of the Effective Electron-Electron Interaction

So far, we have only replaced the problem of finding an approximation for Fy.[n]
with the problem of constructing wg(r12; [n]). In order to proceed further, we study
here the properties of wly(r12; [n]).

If we want our Egs. (28)-(30) to be fully self-consitent, we should impose that for
A =0 Eqs. (29) yield f2=%(r12) = fxs(ri2), i.e., the same APD we would obtain by
inserting the KS Slater determinant of Eq. (28) in Egs. (6)-(7). This corresponds,
in the usual DFT language, to treat exchange exactly. The first property we should
thus impose to w)g(r12) is

wa " (r12) = weip (112)- (31)

If we use only one geminal to define Ty[f] in Eq. (24), the property (31) corresponds
to wg\ﬁzo (r12) = V2 \/st (Tlg)/\/st (r12). For more than one geminal we need more
sophisticated constructions, mathematically equivalent to those used to construct
the KS potential vks(r) for a given spherical density n(r).2> Equation (31) also
provides a very good starting point to build wé‘ﬁ(rlg): the KS system already takes
into account the fermionic structure and part of the effect of the external potential in
the physical problem. What is then left, that needs to be approximated, is the effect
of turning on the electron-electron interaction without changing the one-electron
density n(r), and the difference between T¢[f] and Ty[f].

For confined systems (atoms, molecules) another property to be imposed on
wg‘ﬁ (r12) concerns the eigenvalue €, , . corresponding to the highest occupied geminal

max

in Egs. (29). In fact, the asymptotic behavior of the pair density Pa(r1,rs) of Eq. (6)

for |r1| — oo (or |rz| — o0) is, in this case,?*
| l‘un Pg(rl,rg) = n(rl)nN_l(rg){f'l}, (32)
ry|—oc

where ny_1(r) is one of the degenerate ground-state densities of the (N — 1)-
electron system (in the same external potential V,,.), with the choice depending
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parametrically upon the direction #; = rq/|r1|. A similar expansion holds for the
KS pair density, obtained from the KS Slater determinant of Eq. {28),

ml}goo Py (r1,r2) = n(ri)ny (r2){1}, (33)
where we have used the fact that, by construction, the N-electron density is the
same for the physical system and for the KS one (while, of course, the corresponding
(N — 1)-electron densities are in general different). For a given attractive (atomic,
molecular) external potential vanishing at large distances, the N-electron density
is in general more diffuse (decaying slower at large distances) than the (N — 1)-
electron density, so that the asymptotic behavior of the APD f(rq2) is, for large
r12, dominated by the N-electron density decay at large distances. We thus see,
from Egs. (32) and (33), that the corresponding APD’s, f(r12) and fxs(ris), will
have the same large-r1o decay, oc eV ~2¢maxT12 with a different prefactor (which can
also include a polynomial function of r12), depending on the difference between
ny—1(r) and n&k° | (r). Since the same expansion holds for any Ps(r1,r2) along the
DFT adiabatic connection,

i Py\(r1,19) = n(rn)ny_, (r2){f1}, (34)

A

the highest eigenvalue €},

one for the KS APD,

in Eqs. (29) must be independent of A and equal to the

oy = €nl = K8 (35)

max max max-*

In particular, if we choose only one geminal?? for the definition of Tj[f], there is
only one eigenvalue, which must be the same for every A.

For an extended system we have scattering states in Eqgs. (29). For the special
case of the uniform electron gas, Eqgs. (29) become equivalent to an approach that
was first proposed by Overhauser,?® and further developed by other authors in the
past five years.26728 In this approach, the geminal occupancy numbers ¥; are the
same as the ones for a Slater determinant: occupancy 1 for singlet states (even
relative angular momentum £), and occupancy 3 for triplet states {(odd relative
angular momentum #), up to N(N — 1)/2 geminals. Rather simple approximations
for the effective potential wg‘ﬁ (r12) gave good results?%=28 for the radial distribution
function g(r12), when compared with quantum Monte Carlo data. The long-range
asymptotic behavior, in this case, corresponds to a phase-shift sum rule for the
interaction w2 (r12).2° The choice of one geminal for the uniform electron gas has
been explored, with remarkable success, in Ref. 30. In this case, the formal similarity
with the Fermi-hypernetted-chain approach®! (FHCN) was exploited to build a good
approximation for w(r12) (which was split into 17 and T/ contributions).

Finally, the small-r15 behavior of the effective potential wé‘ﬁ (r12) is determined
by the choice of the adiabatic connection path. For instance, if we choose w™(rys) =
A/r12 in Egs. (13)-(16), then the APD f*(r12) displays the electron-electron cusp
fArie — 0) = f20)(1 + Arig + ...), which implies, in turn, that also w); must
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behave, for small r12, as wé\ﬁ(rlg — 0) = A/ria + .... In particular, for A = Aphys,
we always have wi‘gh‘ys (ria — 0) = 1/r12 + ..., as shown, for the case of the He
atom in Fig. 1. If we choose a cuspless nonlinear path, like w*(r12) = erf(Ar12)/r12,
then the small 715 behavior of wg\ﬁ (r12) is known only when we are approaching the
physical interaction.3?

7. Preliminary Applications

The construction of an approximate wg‘ﬁ(rlg; [n]) can thus start with the decompo-
sition

wog(m2; [n]) = wei (r12) + w(r12) + Awlg (mo; [n]), (36)
where the term Aw?;(r12; [n]) should take care of the fact that, when the electron-
electron interaction is turned on, the one-electron density n(r) and (for confined
systems) the highest eigenvalue €, do not change.

As a starting point, we applied the method of Egs. (28)-(30) to the He isoelec-
tronic series. In this simple (yet not trivial) 2-electron case, we have the advantage
that we can treat T¢[f] exactly. We developed an approximation® for Aw);(r12; [n])
based on the one used for the uniform electron gas.?® This approximation is designed
to mimic the conservation of n(r) along the DFT adiabatic connection, but does
not take into account the eigenvalue conservation. It works remarkably well when
combined with a nonlinear adiabatic connection path w>‘(r12) = erf(Ar12)/r12 that
separates short- and long-range correlation effects, and is reported in the Appendix
of Ref. 6. Preliminary implementations of the self-consitent procedure of Egs. {28)-
(30) yield ground-state energies within 1 mH with respect to full configuration
interaction (CI) calculations in the same basis set. However, the way we carried
out these first tests was simply based on a direct minimization of few variables
parametrizing vkg(r). This rather inefficient way to implement Eqs. (28)-(30) needs
further improvment. Besides, the Kohn-Sham potentials we obtain in this way are
very unstable (like the ones of Ref. 33), although the corresponding total energies
and electronic densities are stable, and do not display the variational collapse of
perturbation-theory-based approximate E.[n].>*

8. Perspectives

The generalization to many-electron systems of nonuniform density of the approxi-
mation built in Ref. 6 for w);(r12) is not straightforward. If we simply apply it to
the Be atom case (by using only one geminal), we obtain energy errors of 300 mH.
Adding the eigenvalue conservation can improve the results, but, of course, there
is not a unique way to impose it. So far, we found that the final outcome strongly
depends on how we impose the eigenvalue conservation (i.e., if we use a functional
form with one parameter adjusted to keep the eigenvalue independent of A, the re-
sults drastically depend on the chosen functional form). It seems thus necessary to
switch to more than one geminal, and/or to find better constructions for w2 (r12).
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In particular, it may be promising to explore the possibility to construct ap-
proximations inspired to the FHNC,30:31:35 and to try to include some of the new
results on N-representability conditions for the pair density.? Different approxima-
tions with respect to the one of Eq. (24) for the functional T¥[f], and the use of
Eq. (23) also deserve further investigation.
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