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Abstract

Density functional methods were developed, in which the Coulomb electron—electron interaction is split into a long- and a short-range part.
In such methods, one term is calculated using traditional density functional approximations, like the local density approximation. The present
paper tries to shed some light upon the best way to do it by comparing the accuracy of the local density approximation with accurate results for the

He atom.
© 2005 Elsevier B.V. All rights reserved.

Keywords: Density functional theory; Local density approximation; Long-range energy functional; Short-range energy functional

1. Introduction

In recent years, there has been a growing interest in
approaches of density functional theory (DFT) [1] based on a
long-range/short-range decomposition of the Coulomb
electron—electron interaction. The idea is to use different,
appropriate approximations for the long-range and the short-
range contributions to the exchange and/or correlation energy
density functionals of the Kohn—Sham (KS) scheme [2].

Various schemes combining a (semi)local short-range
exchange energy functional approximation with an ‘exact’
long-range exchange energy expression have been proposed
(see: e.g. Refs. [3-8]), which allow to impose the exact
Coulombic asymptotic behavior 1/r of the exchange interaction.
This turned out to be important for charge transfer, van der Waals
interactions, etc. But opposite approaches combining a (semi)-
local long-range exchange functional approximation with an
‘exact’ (or ‘hybrid’) short-range exchange have also been used
(see: e.g. Refs. [9—13]), which allow to introduce exact exchange
in solid-state calculations without the computationally-demand-
ing exact long-range contribution. There is also a physical reason
for doing it: long-range correlations are not well treated by
(semi)local density approximations. Treating only the exchange
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exactly destroys the balance of errors, which is important for
metals, gaps, etc. Contemplating this two opposite approaches,
one can ask: is it preferable to use (semi)local density functional
approximations for the long-range or for the short-range
contribution to the exchange energy?

Noziéres and Pines [14] have first used the idea of
decomposing the correlation energy of the uniform electron
gas into long-range and short-range contributions to facilitate
its calculation. In the context of DFT, a few schemes
combining a (semi)local short-range density functional
approximation with a long-range correlation energy calculated
by other means have been proposed (see: e.g. Refs. [15-19]) to
deals with for example near-degeneracy or long-range van der
Waals interactions. Indeed, it is well known that (semi)local
density functional approximations are appropriate for the short-
range contribution (see: e.g. Refs. [20,21]). However, for a
given decomposition of the Coulomb interaction, there are at
least two possible definitions for a short-range correlation
functional. It can be defined either as the difference between
the Coulombic correlation functional and a long-range
correlation functional associated to the long-range part of
interaction (as in Ref. [17]), or directly from the short-range
part of the interaction (as in Ref. [16]). Therefore, one can
wonder: what is the preferable definition for a short-range
correlation functional as regards as the accuracy of
(semi)local density functional approximations?

This work sheds some light on these two questions. Taking
the example of the He atom, we test the accuracy of the
local density approximation (LDA) to the long-range and
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short-range contributions to the exchange and correlation
energies for a given decomposition of the interaction. Atomic
units (a.u.) are used throughout this paper.

2. Long-range and short-range density functionals

We define in this section the long-range and short-range
density functionals that we consider in this work.

Let us define first a general exchange functional for an
arbitrary electron—electron interaction wee(r)

Ey[1; wee] = (@[n]|W | ®@[n]) — Eyln; weel, (1)

where W, = (1/2) [[ Ai5(r|, 1)We(r15)dr dr, is the interaction
operator, expressed with the pair-density operator 7i,(ry, 1),
@[n] is the KS determinant and Ey[n; we.] = (1/2) [[ n(r;)n(
I))Weo(rp)dridr, is the Hartree functional. Likewise, the
general correlation functional associated to we(r) writes

Ecln:weel = mindW|T + Weo[#) —(@[n]|T + WeelPln]). (2)

where the constrained-search formalism [22] has been used.
We use the following decomposition of the Coulomb
electron—electron interaction wS"(r) = 1/r

wil(r) = Wi (r) + wi(r), 3)

where Wi (r) = erf(ur)/r is a long-range interaction and wis*

(r) = erfc(ur)/r is its short-range complement. The parameter u
which controls the range of the decomposition varies between 0
and o. For u=0, the long-range interaction vanishes,

wlefé“:‘):o, and the short-range interaction reduces to the

Coulomb interaction wig"~" = w<". In the limit u— o, the
long-range interaction reduces to the Coulomb interaction
Ir, ii— . . .
wed 7% =w  and the short-range interaction vanishes,
ST,U—®© O
ee - Y.
The Coulombic exchange functional ES*'[n] = E, [n; w&"]

is consequently decomposed as
EXM[n] = E*[n] + EX4Inl, )

where Er*[n]= E,[n; wis"] is the long-range exchange
functional associated to the interaction wia*, and ES*[n]=
E,[n; wic"] is the short-range exchange functional associated
to the interaction wee".

One can also define a long-range correlation functional
associated to the interaction wit, EX*[n] = E.[n; wie*], and a
short-range correlation functional associated to the interaction
wee", E¢¥[n] = E.[n; wee"]. However, because E [n; Wec] is not

linear with respect to we., we do not have for the Coulombic

correlation functional E%[n]= E.[n;w"'] the same
decomposition as in Eq. (4)

ES[n] # EX[n] + B ). (5)
Instead, one can write ES®![n] exactly as

ESM[n] = B¢ [n] + ESV[n] + B ), (©)

defining the mixed long-range/short-range correlation

functional E¢ *™*[n] which encompasses all the terms

stemming from the non-linearity of E.[n; w,.] with respect to
Wee. By associating the mixed term Er*"*[n] to either the long-
or the short-range part of the correlation energy, one obtains
two possible long-range/short-range decompositions. The first
one is

ESM[n] = EX*[n] + B[], )
defining the new short-range correlation functional
ES*[n] = ES**[n] + EX"*[n]. The second one is
ESM[n] = B [n] + B[], @®)
defining the new long-range correlation functional
EE [l = B [n] + EE ).

All the long-range functionals vanish for u=0,

Er#=0 = plru=0 — Elcr’“ =0—0, and reduce to the Coulombic
functionals for — oo, EXH® = peoul and
EN® = EIrE7® — peoul - Symmetrically, all the short-range
functionals reduce to the Coulombic functionals for w=0,
ES#=0 = peoul and ESM=0 = ES# =0 — E! and vanish for u—
o, Byt = EMTY = BT = 0. The mixed long-range/-
short-range correlation functional vanishes for both ©=0 and
u— o, Elcrﬂr,u=() — Eirﬂr,,uaoo =0.

At first sight, the physical meaning of the decomposition of
Eq. (6) may not be obvious. To get more insight on the nature
of the terms EX*, ES**. and EX ™™, we show now the
expressions of these functionals in second-order Gorling—
Levy perturbation theory [23]. We start from the second-order
Coulombic correlation energy

2 coul ~coul 2
Wee — Vi |d)z)‘

Es _Es,i

EM® =7 o , ©)

~coul

where Vi, = fﬁ(r)6E§,°X“1/5n(r)dr is the Coulombic Hartree-
exchange potential operator expressed with density operator
A(r) and with the Coulombic Hartree-exchange functional
ESUn], @ and E; are the KS wave function and energy, &; and
E,; are the excited KS eigenfunctions and eigenvalues.
ApplAyCiorlll{; in EqA.CSBP the long-range/short-range decomposition

on We. and Vg, and expanding leads to the second-order
. 1 S Ir—
expressions for E¢*, E¢** and E; °":

e The second-order long-range correlation energy writes

~lr,u Alr,u 2
Wee — Vi |¢l>’
Es - Es,i

E =3 o , (10)

where V}fb’: = jﬁ(r)éEﬁf/én(r)dr is the long-range Hartree-

exchange potential operator expressed with the long-range
Hartree-exchange functional Eﬁf [n] defined in the same way
as the long-range exchange functional.

e Likewise, the second-order short-range correlation energy
writes

A ST, A ST, 2
Es#® = 3 (@IWe" — Vi |2)]
c - s
i

11
Es _Es,i ( )
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where Vil = [/(r)oEj /on(r)dr is the short-range Hartree-

exchange potential operator expressed with the short-range

Hartree-exchange functional Ej;[n] defined in the same way

as the short-range exchange functional.

e Finally, the second-order mixed long-range/short-range
correlation functional is

Ir Alr, A ST, A ST,
Ered = ZZ KDIWe — Vil |0XD W — Vil | o) .
Es - Es,i

12)

3. Local density approximation

For a given electron—electron interaction, the local density
approximation to the previously introduced exchange and
correlation functionals consists in locally transferring the
corresponding energy of a uniform electron gas with the same
interaction and with density equal to the local value of the
inhomogeneous density.

Let us first consider the short-range functionals. The short-
range exchange LDA functional associated to Ex *[n] writes

Extoaln] = | n0e ntea. (13)
where &]}'.(n) is the exchange energy per particle of a uniform

electron gas with interaction wee [24,25]. Similarly, the short-
range correlation LDA functional for E;"*[n] is

Exfonln] = [ ety e, (14)
where &11.(n) = o (n) —eL i i(n) is obtained as the differ-
ence of the Coulomb correlation energy, & ﬁf’l}‘nlif(n), and of the
long-range correlation energy of a uniform electron gas with
interaction wit* [24,25]. The LDA for ES"*[n] writes

S [n] = Jn(r)ezf;:;ifm(r»dr, (15)

where ei:;]’;if is the correlation energy per particle of a uniform
electron gas with interaction wee" [26].

The LDA corresponding to the long-range functionals are
obtained by difference to the Coulombic case:

lr _ 1 ST, Ir, _ 1
foA[ 1= EXipaln] — E. ipalnl, chDA[”]—ng)LuDA[”]_

Eif]fLDA[n] and Ec,LDA[n] ESibaln] —E:ipalnl.
4. Results for the He atom

We consider the simple example of the He atom. We
compare the accuracy of the LDA for the long-range or short-
range energies as follows. For each value of u (selected in [0,
), we obtain an accurate value of the energy (see Refs. [17,
27] for details), we calculate the LDA error on the energy, and
report in the plots the LDA error (ordinate) for each accurate
energy (abscissa). We choose this way of plotting in order to
emphasize the importance of the error for a given energy value
to be recovered by the approximation: a good functional would
yield small errors even for large contributions of the energy.
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Fig. 1. LDA errors on E5™* (solid curve) and E* (dashed curve) with respect to
—ES™* and —E™* respectively, for the He atom.

Furthermore, this representation gives a unique scale for both
long- and short-range expressions. The left end of the plots
corresponds to vanishing functionals (i.e., © =0 for long-range
functionals and u— oo for short-range functionals). The right
end of the plots corresponds to the usual (Coulombic) LDA
case.

Let us consider first the LDA errors on ES** and EM*,
represented in Fig. 1. For all values of the exchange energy
(except of course at the end points), the LDA error on Ey* is
systematically smaller than the error on EX* (the difference is
of the order of 0.025a.u. at an intermediate energy of
—0.5 a.u.). Using the LDA for the short-range contribution
to the exchange energy, rather than for the long-range
contribution, allows, for a given energy, to do a smaller error
on this energy, or equivalently, for a given error, to treat a
larger part of the exchange energy. Note, in particular, that the
LDA error on E} * becomes vanishingly small toward the left
end of the plot, corresponding to a very-short-range interaction.
This is in agreement with the fact that the LDA becomes exact
in the limit of a very short-range interaction [17,28,29].

Fig. 2 compares the LDA errors on £, ES*, EX* and E*.
It clearly appears that, in the whole energy range (except at the
end points), the LDA errors on the short-range contributions
are much smaller (in absolute value) than those on the long-
range contributions. This confirms the appropriateness of the
LDA for short-range correlations, as often pointed out in
the literature (see: e.g. Refs. [17,20,21]). Note that, contrary to
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Fig. 2. LDA errors on £ (thin solid curve), ES* (thick solid curve), E* (thin
dashed curve) and E]”‘ (thick dashed curve) with respect to —E¢*, —E¢°*,
—E™* and —E"™* respectively, for the He atom.
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the exchange case, the differences in the relative errors on the
long-range and short-range contributions are important. For
example, at an intermediate value of the energy of —0.02 a.u.,
the LDA errors on Ex* and Er* are —0.0697 a.u. and
—0.0673 a.u., respectively, while the LDA errors on E;** and
EX* are as small as —0.0017 a.u. and —0.0001 a.u.,
respectively. One sees in addition that the LDA error on Eg*
is always significantly smaller (in absolute value) that the error
on E;"*. We conclude that the functional E3* is the best suited
for a local density approximation.

5. Conclusions

As regards the long-range/short-range decomposition of the
exchange functional of Eq. (4), the results of this work suggest
that the LDA is more accurate for the short-range contribution
rather than for the long-range contribution.

Concerning the long-range/short-range decomposition of
the correlation functional according to Eq. (7) or to Eq. (8), this
work confirms that the LDA is more accurate for the short-
range contributions. The presented results suggest in addition
that the short-range correlation functional appearing in the
decomposition of Eq. (7) is better suited for the LDA that
the other short-range correlation functional appearing in the
decomposition of Eq. (8).

In the context of the long-range/short-range decomposition
in DFT, the present paper gives clues about the part of the
energy, better adapted to (local) density functional approxi-
mations. We hope that it will incite to more systematic studies
of this topic.
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