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Abstract

Local exchange-correlation functionals are defined for different systems with spherical symmetry, by requiring that they
reproduce the correct exchange-correlation energy and exchange-correlation potential (up to a constant). For comparison, the
results with the uniform electron gas local density approximation and a generalized gradient approximation are also shown.
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1. Introduction

The purpose of the present paper is to invert
Gaspa’'s approach [1]: instead of obtaining the
potential from the energy expression, we will use
the potential to obtain the energy expression. While
in Gaspa’s approach, generalized by the Hohenberg—

as the local form yields only an approximation to the

exact functionals, the functionals are not transferable.
They can be used, however, for comparisons with
different approximate functionals, generated using
other criteria.

Kohn—Sham [2,3] theory, one assumes the existence2- Method

of a good approximation for the exchange-correlation

energy, and generates from a variational treatment a

potential, this paper will follow the opposite way:
Using the information given by a local potential we
construct a local approximation for the exchange-
correlation energy. The motivation for such an
approach is the analysis of approximate functionals.
Our functionals will be, by construction, ‘exact’ for a
given system, in the sense that the variational prin-
ciple yields the correct exchange-correlation potential
and thus the correct density. For this density, the
energy obtained will also be the exact one. Of course,

* Dedicated to Professor R."&aa on the occasion of his 80th
year.
* Corresponding author.

The only approximation in density functional
calculations is the exchange-correlation energy func-
tional, often written as:
Ecln = [ reni) @
In the local density approximation (LDA,.[n](r)
becomese,(n(r)), usually obtained from uniform
electron gas calculations. In order to assess the quality
of approximate functionals, exact valuesef[n](r)
are desirable. Unfortunately, there is no unique defin-
ition of e,.[n](r). For example, any functiofy which
satisfies| d3rfo = 0 can be added te[n](r) to yield
the sameE,.. Thus, supplementary requisites are
needed in order to fixy [n](r). Examples can be
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found, e.g. in Refs. [4-7]. In the present paper we will greatly stressed the importance of adding a constant
study spherically symmetric monotonically decaying when constructing approximate density functionals.
densities, and define a local approximation for each of We will now use the freedom in choosing this
them. This approach has some similitude with that of constant by asking that not only the exchange-correla-
Gill and Pople [4] who consider a specific gradient tion potential should be reproduced, but also the
approximation and that of Tozer [8], who considers exchange-correlation energy. We re-write Eq. (5) as:
hydrogenic densities.

Our argument goes as follows: we first notice that " =— J'°° dn(r’)
the Kohn—Sham potential is a position dependent "~ dr’
quantity appearing in DFT. It can be routinely deter-
mined (see e.g. Ref. [9] and references therein) and Wherevi(r) is the potential which goes to 0 as-~ co,
when the external potential is known, the exchange- and require that:
correlation potential is immediately determined. The o
exchange-correlation potential is also the functional E/%[n] = J Amr?e, (1) dr
derivative ofE,; with respect tan: 0

(VRe(r') + C) dr’ (6)

0B _ _J 2 Joo dn(r’) N4 /

Vel = 505 2) Amrdr | =05 (e + Oy
Wg will now assumetha.t for a given system we can _ A dn(r)vgc(r)r3 dr + CN )
write E, in a local form: o dr
E%4n] = [ d®r e c(n(r)) -

XC xC equals the exact exchange-correlation enefgyin].

) _ The last equality has been obtained by changing the

which yields order of integration, antll = [ n(r)d’r is the number

ocal de. of electrons in the system. We will now restrict our
Ve tlr) = an ©) density to be monotonically decaying. By this one-to-

one correspondence betweemndn we can obtain

We require that/2®(r) equals the exact exchange- €(N) = .(N(1)
XC - C .

correlation potentiaV,.(r). Consider now:

d
;:]C Vn = v (nVn. %)

To integrate this equation, we will consider spheric-
ally symmetric systems, where we have:

V =
O 3. Results

As a first example let us consider the hydrogenic
atom (N = 1). The exchange-correlation energy has

* dn(r’ to exactly cancel the Hartree energy in this case:
Bucll) — Bycll — ) = — J %vxca’) da'. ©) Y ¥
1 n(ryn(r’
We will choosee,(r — ) =0, as using a finite B[Nl =—3 JJ |$ )—(r’|) d’r o’ t)
€.(r — o) produces a divergent exchange-correl-
. . (00 2
ation energy viaf g 47T “ey(r) dr. and the exchange-correlation potential is:

Notice that the Kohn—Sham potential is only deter-
mined up to a constant. Adding a constant to a given nr'y s,
potential will not modify the density produced by it. Vie(r) = —J (=g dr’. ©
The fact that the density determines the external
potential up to a constant has been already pointed By substitutingn(r) by
out by Hohenberg and Kohn [2] and physically signif-
icant changes have been analyzed by Perdew et al. I
[10]. More recently, Tozer and Handy [11] have ™= .

e 2L
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Fig. 1. Local exchange-correlation energy functioegl= e,./n, (Eq. (16)) as a function of/is = (4wr/3)¥® for the hydrogen atom. For

comparison the uniform electron gas (LDA) exchange-correlation energy density is shown as the nearly straight line and the generalized

gradient approximation (PBE) exchange-correlation energy density as a dotted curve.

into the last expression we obtain:

5
Exc[n] = — Ei (10
0 1 201
Vee(Ng3 1) = — T A-@A+rdHe =] (11
To fix the constant we use Eq. (7)
5w (®dn(r) .3
1687 3 ® Vengnrddr +C (12

which vyields C = 5/24{. The potential is thus the
same as the one of Tozer (Eq. (8) of Ref. [8]). Thus,
with vy,e =2, + C :

“ dn(r’)

Blr) = — J A (g £ (13

dr’
ol I P

_ ¥[§e + ﬂe 2E,(24r) + 2E1(4§r)]
(14

where E;(2) = f;"t_le_t dt is the exponential inte-
gral. As 2Zr = —|n(¢rn/§3) we can obtaing(n) for

n € (0, &/ml:
8c(N) = %” + 2%2”2
e 2) =)
(15
Commonlyec(n) = e, (N)/n is used:
5¢ i
=25 T 22"
e 2) e ()
(16)

In the uniform electron gas,; is proportional to
Urs = (4wn/3)Y3. We thus show, in Fig. lg.(n) as a
function of 1f,. One surprising feature is the positive
€, for small densities (or small/d,) :

lim e(n) = 2—54§ + - 17
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The value for this limit is exactly the shift we made in that given by doubly occupied hydrogen 1s orbital
the potential. The positive exchange-correlation (cf. Fig. 2). It yields g(n) with a general similar
density in the region of low density is not numerically behavior to that observed for H.

relevant for obtainingg,., as e, is weighted by the By doubly occupying the He 1s orbital (N =
density when computing the integral. Comparing our 2; { = 2), one obtains a similar curve fat,. as for
‘exact’ . with the one obtained in LDA one notices ¢ = 1: there is a significant domain where the ‘exact’
that except their behavior at small densities, the trans- and approximate curves are close (cf. Figs. 2 and 3).

fer from the uniform electron gas behaves quite well, It is certainly no surprise that curves for He and
in spite of the fact thaE,. has only to correct for the  Ne®" show a similar behavior as those for the expo-
self-interaction. nential densities wittN = 2 (cf. Figs. 2, 4 and 5). The

The following examples have been obtained behavior for Be and the isoelectronic Ne(N = 4,
numerically. The necessary Kohn—Sham potentials Figs. 6 and 7) show, however a jump around the 1s—2s
and densities are taken from Ref. [12] and web-site shell frontier (more pronounced for Rig. The uniform
[13]. The systems considered are: the exponential electron gasor PBE have a similar slope, but are not able
densitiesny /(1) = N(/m) e with N = 2 and{ = to follow the jump. Interestingly, the gradient correction
1, { = 2; the He atom; the N¥& ion; the Be atom; the  detects the jump, but is not strong enough.

Ne®" ion. For comparison, results obtained within the Due to the recent interest in the value\gf(r —
LDA and a generalized gradient approximation (PBE) o0), [11,10] we show in Table 1 together with our
[14] are also shown. constant<C, the values ofl — A)/2 (I: the ionization

For the atomic systems, small irregularities may energy,A: the electron affinity), which is the jump in
appear in the region of largeri(r — 0), due to the the exactv,. for an infinitesimal increase iN [10].
use of Gaussian type orbitals (see Ref. [12]). One might think that the type of approximation

The exponential densityy_,. ,—; corresponds to  proposed could give also a reasonable approximation

'0.8 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4
1/rg

Fig. 2. Local exchange-correlation energy density as a function of & for exponential densitiesy—,, ,~;. For comparison the uniform
electron gas (LDA) exchange-correlation energy density and the generalized gradient approximation (PBE) are shown.
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Fig. 3. Local exchange-correlation energy densijty as a function of & for exponential densitiesy—,, ,—,. For comparison the uniform
electron gas (LDA) exchange-correlation energy density and the generalized gradient approximation (PBE) are shown.
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Fig. 4. Local exchange-correlation energy densjty as a function of & for Helium atom. For comparison the uniform electron gas (LDA)
exchange-correlation energy density and the generalized gradient approximation (PBE) are shown.
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Fig. 5. Local exchange-correlation energy densify as a function of & for Ne®" ion. For comparison the uniform electron gas (LDA)
exchange-correlation energy density and the generalized gradient approximation (PBE) are shown.
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Fig. 6. Local exchange-correlation energy densjtyas a function of & for Beryllium atom. For comparison the uniform electron gas (LDA)
exchange-correlation energy density and the generalized gradient approximation (PBE) are shown.
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Fig. 7. Local exchange-correlation energy densify as a function of & for Ne®" ion. For comparison the uniform electron gas (LDA)
exchange-correlation energy density and the generalized gradient approximation (PBE) are shown.

for Be, Né" as well as for exponential densities.
1 nron(ry) For each of these systems, they are exact in the
E,= = J =222 By dr,. (18) sense that:
2) Iri—ry

Following the same steps as for hydrogen, we get ® they give, via Eq. (7), the exact exchange-correl-

the expression: ation energy, o '
o their functional derivatives give (up to a constant)

6 — 5y m the exact exchange-correlation potential (cf. Eq.
n 24 272 (6)); thus the exact density can be produced via
the Kohn—Sham equations.
(7)) e ((3)]
mn| * I ! I ' These functionals are not transferable from one
(19 system to another, but can be compared among them-

) . selves and with common approximations.
It thus turns out thagy, is clearly more sensitive tiy

than to¢ (cf. Fig. 8). LDA was working reasonably  Table 1
well, however both fO”N:l-g:l anan:Z;:l (cf. Figs. Asymptotic value of the exchange-correlation potentafiom Eq.

1 and 2). Thus, it seems easier to produce approximate(7)' and difference between the ionization enetggnd the electron
function.als foriE than forE affinity, A (taken from Ref. [15] and web-site [16])
XC h-

System C (I —=AR

4. Conclusions H 0.2083 0.2353
He" 0.4167 0.5501

. . He 0.3049 0.4498

We have constructed local approximations to the Be 0.1891 01713

exchange-correlation functional for H, He, Ne
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Fig. 8. Local Hartree energy densi¢y, as a function of & for four exponential densitiegy,, for N=1,N=2and{=1,{=2.

Both the uniform electron gas and the PBE
reproduce grossly the trends of the one- and two-elec-
tron systems. For Be and Rle however, there is a
jump in our functional which seems hard to recover by
the common functionals.
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