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Organisation

Cours:jeudi3h+3h,vendredi3h+3hTP

e Equation de Schrddinger et systemes simples
e Modele de Bohr
e Boite 1D, oscillateur harmonique
o Atome d’hydrogene et ses orbitales

e Systemes polyélectroniques
e Modeles simplifiés : LCAO, hybrides, Hlckel
e Fonctions d’'onde : déterminants et regles de Slater
e Hartree-Fock
e Bases de fonctions atomiques

e Rupture de liaison : interaction de configurations, fonetio
multideterminantales

e Corrélation dynamique : IC, perturbation, Coupled-Cluste

e Orbitales localisées : gu’est-ce que cela change ?



Organisation

Travaux pratiques, vendredi apres-midi
e regles de Slater, calcul HF, rupture de liaison

e calcul perturbation, IC, logiciels “grand public” Gaugsi#olpro,
GAMESS, Dalton

Tout cela pour calculer I'énergie de disscociation de lagnuale k.



Spectroscopy

Hydrogen spectrum in the sun light - Joseph Fraunhofer
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German stamp, 1987



Spectroscopy

Flame coloration from atomic spectra



Spectroscopy

Atomic emission spectra, helping to identify elements
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Spectroscopy

Identification of radium, 1898

Fig. 92, — Appareil de
N. hemarcay pour pro-
duire les spertres élee-
trigues,




Bohr model and Schrodinger’s equation
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e Works for the hydrogen atom and nothing else ...



Bohr model and Schrodinger’s equation

Photoelectric effect shows for light quanta of energy:

_he

E=h
YN

e Compton scattering confirms the equivalence of light andemat
e Heisenberg: 2-index quantities needed for describingggrdifferences
e Schrodinger: one differential equation with a Hamilton igper

9 )
JO T
Yot

with || as probability distribution to find a particle in space amadei

e Time-independent probleni7 & = E U with total energyE.

e NO movement, but average over many experiments to localiegtele (e.g.
photographic film)

e Average over operatoly = (W |H | )



Bohr model and Schrodinger’s equation

Contributions to the Hamiltonian:
e Kinetic energyp?/(2m) of each particle, witly = —ihV
e Potential energy: electrostatics
e External fields: electromagnetic waves, static fields
Solve thus Schrédinger’s equations for many particles

1 L R > o
<QZA7;—|—V(I'1,I'2,...)> \IJ<I'1,1“2,---) :E\Ij(r17r27"’>

Simple systems, atoms, molecules, solids

— physics and chemistry through mathematics



Simple systems

1D rectangular potential:

v 0 forO0<az<L
RS otherwise

e Solve

with boundary conditiong’ (0) = W(L) =0

e Unique solution:
2
U, () =4/ 7 sin n;mc

with prefactor to respengL U, (2)]*dr = 1.

n?h?
~ 8mL2
e Applications: dyes, acid-base indicators, nano-strectiasers

L
e EnergyE, — (U, | |T,) = / U, ()T, (2) d
0




Simple systems

Harmonic oscillator:

e Potential:V (r) = Skz* from Hooke’s lawF'(z — x¢) = —k(z — x¢)
e Solve
oo 1
—— —— 4+ ~k2* | U(x) = EU
(5 50 + 344°) ¥) = BV

with reduced mass

e Solution in two stepsd = \/puw/h, w = \/k/ 1):

(az)

o x — o0 U(x)~e 2
e Correction as polynomial im:

8 ]_ (oca:)2
v, (x) = H,(aox)e 2
@ = 5= (5= ) Halaw

e Energy levelst, = hw (n + %)
e Application: vibrational spectroscopy (IR, RAMAN)



Simple systems

Harmonic oscillator:
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Simple systems

Hydrogen atom:
e Potential:V (r) = —1/r spherically symmetric
e Spherical harmonic¥y,, (0, ¢) solution of

L2 Y (8, 6) = B20(0 + 1) Yor (6, &)

e Laplacian in spherical co-ordinatés= 1, 2 (2.2) 4 L;

e Hamiltonian in spherical co-ordinates:
H=—3A-1=LE0 ) + 45—

e Look for solution for the radial part (1D differential equat), in three steps

p=r/n:
o 7 —=o00. pR(p)~e P, r—=0: pR(p) ~ pttle?
o Complete solutiomR,¢(p) = Ny,,L>"'(p)p’e~? with associated

Laguerre polynomlam%“(p).
e Energy:F = _EW as in the simple Bohr model.

Degeneracy:? vial =0,...,n—1andm = —¢, ..., ¢ values of secondary
and magnetic quantum numbers.



Simple systems

Hydrogen atom: Laguerre polynomials

Ly (z) = e’

Hydrogenic functions

2\ * 2r
Roi(r) = Ny <_> Liﬁj-él_l (_> o= (/1)

n n
e Classification/ =0—s,{=1—p,l=2—=>d,{=3—f

e Spherical harmonic¥y,,, complex, real combinations, multiplied witt =
real solid harmonics ¥;,,, + Y, ., —1(Yer — Yo 1)

o 1, 2,2,vy, 2,2y, 2, yz, — yQ, 322 —r?, ...
1
2

e Energy levels depend only on E,, = —1 n



Simple systems

Hydrogen atom: radial densitieS R*(r)
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Simple systems

Complete treatment

7= | 00361 (Feinstruktur)

345,
} 3p3/z 3d3/z s
01082 { 100105 gSZz } Spin-Orbit coupling: fine structure
f P2
Lainb Relativistic effects: LS —>J
ca.zevq SNt §§ gg :
" Quantum electrodynamimcs: Lamb shift
i ' o SR Hyperfine structure (spin—spin coupling)
0,3652
(45107°eV) |
Fein- N =2
struktur s
0,0353 (44-107%eV)
| Lamb Shift i1 ey,
Y 2p1
! Termschema el

Th. Mayer—Kuckuk, Atomphysik
Teubner, 1986

Spektrum

Small corrections, but all visible and understood for thdrogen atom.



Working with atomic orbitals

e Multi-electron system (atom) may be described by hydrogendrbitals

e Diatomics: combine atomic orbitals of same symmetry and arargy to
molecular orbitals with simple rules: correlation diageam
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Ic=Cl IN=N| ©=9

e Bonding, anti-bonding and non-bondig orbitals, stabiifydiatomics
e Spin ground states, reactivity



Working with atomic orbitals

Works even for solids, Ti®

2t -é; ‘ - " .
- ~ ) T1 s,p, Ti-O antiliantes
2a,."
4p ~- T1-O antili *
— ¢,, 11-0 antiliantes
2 -
4s -
- It,,
—t —— 1,5, 11-O non hantes
%d ]‘tlu .
) 5 ] 60(2s,2p) ) O 2p, T1-O hantes
11 lela
| - — O 2s
laIg
OM octagdre TiO, Structure de bandes attendues

Diagram: Monica Calatayud, LCT, after R. Hoffmann, Solidd anrfaces,
Wiley-VCH, 1989



Working with atomic orbitals

More than 2 centers: hybridization of atomic orbitals

S
e

C

Seriessp, sp?, sp? for describing H—-GC-H, H,C=CH,, H;C—CH;

1o = sEp. sp hybrid

¢3 Px
Ps = Py



Working with atomic orbitals

Triangular situation: sphybrids

2 1 2 :
ip = % S + \/g T sz hyb“d
2 1 1 1
F = —=s— —p,+t — sp” hybrid
2,3 \/g \/6 p \@py p2 y
¢4 — Pz
Tetrahedral situation (4 bonds)
1
P12 = 5( + pr £ py £p2)
1
34 = 5(s—pstp, Fp:)

Very idealized situations — qualitatively correct, intué chemistry



Working with atomic orbitals

Bond lengths may as well be explained wit¥ hybrids only

>\ sk < Single bond 154 pm

Double bond 133 pm
w@— Triple bond 121 pm

Fig. 109. Double bonds as bent sigma bonds.

H.J. Bernstein, J.Chem.Phys., 15 (1947) 284, 339, 688



The variational principle

Theorem any approximate (normalized) wavefunction for the grostade of the
HamiltonianH is higher in energy than the true ground stéte:

<\Ijapproac|ﬁ‘qjapprox> > <\IJO‘]:[‘\IJO> = Ly

with H |Uy) = FEo |U)
Proof H is hermitian, thus

e the eigenvalues off are real.
e the eigenvectors aff are orthogonal.

e any approximate wavefunction can be expressed in the eigetiéns ofH

Eapproac — <\Ijapp7“o:c ‘qujapprosc>

7 7 7

P. Reinhardt, UPMC, 2015 - p. 10



Hlckel theory

Ernst Hickel, 1930: admit a simple
e product wavefunctio = ¢4 (1)¢2(2)...¢,(n) and an

e one-electron Hamiltonia®’ = 7y + hs + . .. h,, acting on electrons. . . n.

If
h¢i(T) = €; ¢4(T)
then
) = (z m) ) - (z ) v =B

satisfying Schrodinger’s equation.

e Valence atomic orbitalg (or only = system) for each atom

e On-site interaction . || ya) = a < 0

e Next-neighbour interactiotiy,|h|xs) = b < 0
e Parametrized matrix elements



Hlckel theory

Example butadiene CHHCH-CH=CH,:

(a b O O\
P b a b 0
O b a b
\0 0 b a

e 4 eigenvalues (2a £ b £ v/5b)

e Corresponding eigenvectors: + + ++, ++--, + - -+, + - + -
e 4 7 electrons to be inserted into the two lowest orbitals

et e

a+162b a+0.62b a-0.62b a-162b




Hlckel theory

Example cyclo-butadiene -CH=CH-CH=CH-:

(a b 0 b\
iL: b a b O
O b a b
\b 0 b a

e 3 different eigenvalues — 2b, a, a, a + 2b

iy say e

a+2b a

e Where to put the 4 electrons ? Unstable molecule.
e 4n + 2 rule for cyclic hydrocarbons.



Many-electron wavefunctions

Many-electron systems: atomic Hamiltonian

() (SR T e

1=1 =1 g=1+1

Wavefunction contains as well spin(iy, 7, ..., 7, S1, 82, - - -, Sp)

e Should be antisymmetric

\If((Fl, 81), (7?2, 82), .. ) = _\Ij((FQ, 82), (7?1, 81), .. )

e Electron density

3n—3 integrals



Many-electron wavefunctions

Case of 2 electrons, same spatial orlytatlifferent spins:

/\

\I/(Fl,Sl,FQ,SQ) = (

1)P(72) \@[ a(s1)B(s2) — a(s2)B(s1)]
= () (17 ) X @A(Sl,SQ)

Energy depends only on the spatial part

(PsO4|H|DsO4) = (Pg|H|Dg) x (04]04) = (Ps|H|Ps)



Many-electron wavefunctions

Two different orbitals, two different spins

U7, 81,75, 80) = Pg(T1,T2) X Oa(s1,s2)
(D1

(1) P2(72) + ¢1(72)P2(71)] |ar(s1)B(s52) — a(s2)B(s51)] /2
Other possibility

U (7, 51,72, 82) (1 (71)p2(T2) — P2 (71) 1 (72)] u(s1)a(s2)

3 possibilities for symmetric spin parts

1
a(s1)a(ss) 7 (a(s1)B(s2) + B(s1)(s2)) B(s1)B(s2)

Conclusion: one singlet wavefunction, 3 triplet wavefumes, different in
energy, even with equal orbitals.



Many-electron wavefunctions

General case with more than 2 electron: Slater determidabt Slater 1929)

¢1(T1)o1(s1) .. @1(Tn)o1(sn)

On(T1)on(s1) - On(Th)on(sn)

Completely antisymmetric upon exchange of electrons



Many-electron wavefunctions

General case with more than 2 electron: Slater determidabt Slater 1929)

¢1(T1)o1(s1) .. @1(Tn)o1(sn)

On(T1)on(s1) - On(Th)on(sn)

Completely antisymmetric upon exchange of electrons
The triplet wavefunctions (un-normalized)

oo L — a(l)a
Ve = 2 D1(1)P2(2) — P2(1)91(2)] a(1)a(2)
_ 1 jea(Ma(l)  ¢1(2)a(2) — | b16h0)
V2 [¢2(1)a(l)  ¢2(2)(2)
o 1 ¢(1)B(1) ¢1(2)8(2)] < -
Ves 3 |6a(1)801) da(2)8(2)] P9




Many-electron wavefunctions

However:

Vs = % (P12 + P1p2 — P2p1 — P2¢h1)

1 (1) ¢ (2)] | 1 {e(1) 61(2) 1 . T

T2 06a(1) $2(2)] 2 |2(1) ¢2(2)] V2 (9162} +16162))
‘I’ch = %(¢1<E2—<51¢2+¢2<51—Q_52¢1)

_ L) (@) 1 {e(1) u(2)]_ L oo

T 2R w@)| 2 |e) @) va T 00

Two determinants necessary
Single-determinant situations:

e Closed-shell systems (for every occupigthere is an occupied)
e High-spin systems (singly occupied orbitals have all theesapin)
e Combinations of both[1122...556879)

P. Reinhardt, UPMC, 2015 - p. 14



Calculate with Slater determinants

“Problem”: how to calculate for instance a total enefgy= (U|H ¥) or only

H ¥) whenV is a Slaterdeterminant

¢1(71)

o= ——|
(2n)! b (1)
&n(f)l)

and H the molecular Hamilton operator

$1(72)

A=y (e X )

with a one-electron part and a two-electron part

2

1<J

‘rz_ry|



Calculate with Slater determinants

One-electron operatap, = -7, h;:

(1122...0...na|01]1122...j .. . nqa)

1
= (Qn)!<£e,1?,2£ej,>

(2n)! terms ~ (2n)! t

2n terms

_ / /f (;ﬁ(m) g(T1,To .. . Ton) dry ... d%rop
-

(
< \h!¢y>

e as each of th€2n)! terms has to appear in the same ordering on the left anc
on the right,

e as each ofn operators acts equally on each electron,
e as the integration factorizes,

e as orbitals are orthogonal, e(@ |h|¢1) ... (6i|d;) ... (dn|dn) = 0.



Calculate with Slater determinants

One-electron operatc@l = > h,, other cases

(1122...4...k...nnlO1[1122...5...£...nA) = O
(1122...0...n7|01|1122...5...nR) = (éhlo;)
(1122...n7|01[1122...n0) = 2> (¢i|h|¢;)
Useful:

e Hartree-Fock energy:

Egp=2 Y (¢ilhl¢s)+ > (2(iljj) — (i4]57))

1€occ. 1,7 €occ.

e Fock matrix

= (@ulhloy) + > (2(ij|kk) — (ik|kj))

kecocc.



Calculate with Slater determinants

Two-electron operataD, = >, _ i 0ij’

(1122...0...5.. . k...na|0x1122...p...q...7...nRA) = 0
(1122...7...7...n0|0|1122...p...q... nn) = (PiP;|G|opdq)
(1122...4...5...na|02]1122...p...q. .. nn) = (0id;|4dpdy)

_<¢i¢j §’¢q¢p>

=
S
S

K K

(1122...di...nn|Ox|1122. . pi...nn) = 2(¢udi|g|drdp)—(Dudildldpdr)
ki

+{(¢i¢ilg|Ppoi)
(1122...n0|Oo|1122...nm) = > > 2(p;;1d1 i) — (dith;lle;0:)
i=1 j=1

Slater-Condon rulesiC. Slater, Phys.Rev., 34 (1929) 1293; E.U. Condon, Phys.Rev.,
36 (1930) 1121)



Calculate with Slater determinants

Integral notations:
e Physicists:

<¢z¢j’—‘¢k¢ﬁ //¢Z Ge(r2 >d37“1d37“2

e Chemists:

Z]|]€€ // ¢z ¢j I ¢k I ¢£( )d3T1d3T2

T — 12|

e Symmetry:

(7K€) (7i|kt) = (jiltk) = (ij|Ck)

(kllig) = (Ck|ij) = (£k|ji) = (KL]j7)



Hartree-Fock equations

Total energy for one single determinant (closed shell case)

E = 2> ha+ Y (2iljj) — (ijlif))

1€occ. 1,7 €occ.
— Zpaﬁhozﬁ T - Zpozﬁ (Z 055‘75 (&575)>>

o Density matrixP.s =2 > .. .. Caicpiina(finite) basis
¢z<f> — Za CaiXa(f)'

e \We have to derivér wrt thec,; under the condition

= (ilds) = D Cai cpj Sap
af

30 > Paghas =4cyihoy 2 Y cpihpy+2 ) cpihyp = 42% V8
T By By



Hartree-Fock equations

Lagrange multipliers :

L=F— 42%‘ (Z CaiCBjOap — (5753')
ij

af
leads to equations

0
Vo= (%M- E

= 4205@ (hoz5 + ZP75 046")/5 045|75 ) —4 ZZE”LJ CBj 045

\ . 4

~"

Fock matrix F, g



Hartree-Fock equations

In matrix form:

or

FC = SCe

Fo, = Z%’ij

J

beyond the limitations of a (finite) basis set to express mwé orbitalsy;

Self-consistentf’ contains the occupied orbitals) eigenvalue problem
Orbitals for lowest energy within single-determinant wiawvestion

Unitary rotations T = U ~1) within the occupied or the virtual orbital
space do not change the energy of wavefunction.

Transform orbitals foe diagonal: canonical orbitals

F o, = € ¢;

Brillouin’s theorem: occupied and virtual orbital do notmi;, = 0 for
any set of Hartree-Fock orbitals (canonical or not).



Basis sets

Hydrogen atom: spans not all possible space of one-elefttrarions.
e Nodeless Slater functions

STV 0. 0:a) = Yo 0, x "l x e AT (t<n-—1
2

nfm

e Gaussian functions

2

GTF(T7‘9790304) = ng(ﬁ,gp) xrfxe "

m

Why Gaussians ? Try to calculate a four-center bielectriomegral

e—O{|F1—RA‘6—6|F1—RB|6—7‘F2—Rc‘6—5‘F2—RD| 3 3
= - d Tld T2

Ty — T

Possible with Gaussians due to product formula

—

L 3 L 3 ab /3 L aR,+bR
e—a(r—RA)2e—b(]r—RB)2 — e~ a_fb (Ra—RpB)? —(a—l—b)( J?l—f-b 2ATOTB )2

transforming a 4-center integral into a 2-center integral.



Basis sets

e Minimal basis sets: for each atomic occupied level a set ablfaactions
(H 1s, C152s2p, Ti 152s2p3s3p3d4s etc.)

e Split-valence basis sets: multiple basis functions foheadence orbital
(6-31G, double or tripl€ etc.)

e Even-tempered basis sets: Gaussian exponents obey geaiiaw
a; = ap X T

e add polarization functions of higher angular momentum

e add diffuse functions with small exponents for bond formati

e add correlation functions

® ........ toward complete basis set.

Basis set librariesht t ps: // bse. pnl . gov/ bse/ port al Basis Set
Exchange withe 500 basis sets.

e Nearly every quantum chemistry program has its library



Basis set extrapolations

e Larger basis set = lower energy
e Hartree-Fock limit: still 1 determinant
e Systematic constructions ?

Example: He atom in series of basis sets aug-cc-pvXz, X=2..6

X HF energy (a.u.) correlated energy (Full Cl, a.u.) # basis fanst

2 —2.855704 —2.88955 11
3 —2.861183 —2.90060 28
4 —2.861522 —2.90253 58
5 —2.861627 —2.90320 108
6 —2.861673 —2.90346 186

Extrapolation: empiricallyz(X) = A + 2

Y3

E(OO):A:E(X)_Xg_Yg(

E(X) - E(Y))




Basis set extrapolations

e Larger basis set = lower energy
e Hartree-Fock limit: still 1 determinant
e Systematic constructions ?

Example: He atom in series of basis sets aug-cc-pvXz, X=2..6

X HF energy (a.u.) correlated energy (Full Cl, a.u.) # basis fanst

2 —2.855704 —2.88955 11
3 —2.861183 —2.90060 28
4 —2.861522 —2.90253 58
5 —2.861627 —2.90320 108
6 —2.861673 —2.90346 186

Extrapolation

A B
HF —2.86228 0.0509344
FullCI —2.90431 0.1168



Marenostrum Computer Center, Barcelona

P. Reinhardt, UPMC, 2015 — p. 20



What do we have already: Hartree-Fock

Closed-shell systems
At disposition
e Molecular orbitals— density, multipolar moments
e Orbital energies— ionization potentials, excitation energies, band
structures

e Total energy— geometry, dissociation energies, vibrational and rotaiio
constants, IR spectra, polarizabilities, thermochemistr



What do we have already: Hartree-Fock

Closed-shell systems

At disposition

Molecular orbitals— density, multipolar moments

Orbital energies—; ionization potentials, excitation energies, band
structures

Total energy— geometry, dissociation energies, vibrational and rotaiio
constants, IR spectra, polarizabilities, thermochemistr

How do they perform?

Good geometries, slightly too short bond lengths
Good ionization potentials (Koopmans theorem)
Bad binding energies (50 % of experimental values)
Bad vibrational frequencies (much too high)

Incapable to dissociate closed-shell systems continonilytwo separated
open-shell systems

Only high-spin states possible, no open-shell singletrfstance



Bond dissociation

Calculation for H in a minimal basis for different bond lengths

0O = SA T+ 8B 0O = SA—SB

e Equilibrium distance:
o Hartree-Fock|®y) = |oa)
o 2-determinant wavefunction] V) = /1 — €2|05) + ¢|o*c*)
Long distance:

W) = aloa) + blo*a*) with |a| ~ [b] ~ 1/v2

in order to haves 453) + |sps4) without the ionic configurations 45 4 )
and|sB§B>



Total energy (a.u.)

-0.7 Bl
-0.8
-0.9
-1.0
-1.1

-1.2

Bond dissociation

H2 in a minimal Slater basis, optimal exponent

Hartree—Fock
Full CI
experiment




Bond dissociation

Hartree-Fock:

o(l) o(2)| _|(sa+s)(1) (sa+sB)(2)
o(l) a(2)] |(5a+s5)(1) (5a+35B)(2)
= |sa5a)+ |sBSB) + |saSp) + |sBSa)

v) =

Two regimes of deviation from experiment:
e R~ R.,: small, but significant contribution, dynamical electranrelation
e R — 00! ¢y = c1, nondynamical electron correlation
e Electron correlation = insufficiency of “1 electron = 1 o#iit

Definition of the correlation energy

ECor"r’ — E_EHF

Two common approaches to dynamical correlation:
1. Perturbation theory
2. Configuration Interaction



Electron Correlation

Treat it in a mixed order:
e Configuration Interaction
e MCSCF and bond breaking

e Dynamical correlation
e Configuration Interaction of Single and Double excitations
e Perturbation theory

e Coupled-Cluster Theory

P. Reinhardt, UPMC, 2015 — p. 23



Configuration interaction

e Add additional determinants

qf:coq>0+z cr ®;
Il

e Minimize the total energy under the constrafit| V) = 1:

co®o + Z CJ(I)J>
7

L({ery;A) = E({er}) — A ((P|¥) — 1)
e System of linear equations

E({c}) = <COCI>0—|—Z cr®;| H

OL({erhsA) _ . OL({cr}; A)

80[ , O\ =0




Configuration interaction

Written as matrix equation:

((0[H|0) ... (OH|I) ... \ /co\ [ co )

OH[J) ... qH=HD ... | e ¢y
|dentify A with the total energy from the functional:

{C[} YCIYCJ (I)]|H’(I)J —)\ZCI—A

Vv
—)\C]




Configuration interaction

Substractty r = (®o|H|P() from the diagonal:

( O (O|H|T) \ (c.o\ (C_O\

. | HE :ECOTT .
(O[H|I) ... (I/H|I)=Epp ... ” )

\ RNy \¢)

e Intermediate normd; = 1):

Eiotar = (@0 |H| V) = Egp+ Y ¢ (0|H| D)
I#0

ECO'PT:ZCI<O|H|(I)I>
I#0

e The correlation energy sntirelydetermined by the coefficients of the
di-excitations



MCSCF: general considerations

Few electrons in a few orbitals to consider
e H->O: 4 electrons in 4 orbitals to start with

e Better: 8 electrons in 6 orbitals on H, 2sp on O)
e Full Clin this subspace



MCSCF: general considerations

Few electrons in a few orbitals to consider
e H->O: 4 electrons in 4 orbitals to start with

e Better: 8 electrons in 6 orbitals on H, 2sp on O)
e Full Cl in this subspace

Other example:
e Triple bondin N: 6 electrons of the 14 possible in 6 ator@jcorbitals

Ny ('SF) — 2N(*S)
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MCSCF: general considerations

Few electrons in a few orbitals to consider
e H->O: 4 electrons in 4 orbitals to start with

e Better: 8 electrons in 6 orbitals on H, 2sp on O)
e Full Cl in this subspace

Other example:
e Triple bondin N: 6 electrons of the 14 possible in 6 ator@jcorbitals

Ny ('SF) — 2N(*S)

/J%\
N —H—N I
N RO

Need for multiconfigurational wavefunctions

Non-dynamical correlation




General considerations

2 ingredients needed:
e Where to look fororbitals?
e Whichdeterminantso take?
Hartree-Fock orbitals optimized for one single determtinan
e Average over different occupations?
e But how to treat open-shell determinants? No spin eigetrtioms!

Simultaneous optimization of orbitadsidwavefunctions:

Multiconfigurational Self-Consistent Field
(MCSCF)

P. Reinhardt, UPMC, 2015 — p. 26



Super-Cl method

Alternative to the diagonalization of the Fock matrix
1. Starting orbitals
2. Orthonormalize the orbitals
3. Construct Fock matrix, calculate total energy
4. Construct Cl matrix of single excitations

<c1>g\ﬁ|c1>?> ~ Fopdis — FijOap

5. Use the CI coefficients of

to correct the orbitals (occupied and virtual ones) through

O = bt ) P F= G )

1

6. Goto stepl2



Super-Cl method

If canonical orbitals are required, then diagonabireethe converged Fock
matrix

e Orbitals change through mono-excitations
e Spin-adapted excitation operator

<&E,a&i,a + &2;,6&%}5)

(|2¢) + |©F))

) = <1+ZC?E¢Q> Do)

70

Sl

e Convergence achieved if Brillouin’s theorem is satisfied
(Do|H|PY) = Fyy — 0

or total energy changes smaller than a given threshold



Super-Cl method

If canonical orbitals are required, then diagonabireethe converged Fock
matrix

e Orbitals change through mono-excitations
e Spin-adapted excitation operator
o Creation/destruction operators obey anti-commutat@&stul

Creation operatoré;.f, destruction operatois
Definition for an antisymmetric wavefunction:

allny...oni..) = 0;(1—ng)|n...1;...)

Wavefunction is antisymmetric: the order of creation is artpnt
afal = —atal, or  alal+alal =0

the same holds for the destruction operatéfs; = —a,a;

We may destroy an existing particle or hole and recreate dreate
a non-existing particle or hole and destroy it:

ala; + aal =1



Super-Cl method

If canonical orbitals are required, then diagonabireethe converged Fock
matrix

e Orbitals change through mono-excitations
e Spin-adapted excitation operator

<&E,a&i,a + &2;,6&%}5)

(|2¢) + |©F))

) = <1+ZC?E¢Q> Do)

70

Sl

e Convergence achieved if Brillouin’s theorem is satisfied
(Do|H|PY) = Fyy — 0

or total energy changes smaller than a given threshold



Generalization

Matrix elements between determinands,,) and|®,,)

e Monoelectronic operatot:
(P | 1| Pr) = Zhw m‘EAij|(I)n>
- oy

e Bi-electronic operato::

m ) n — P gijkl m ikl — jk Ail n
(P |G| Pn) (| Eij E Ey | ®n )



Generalization

T) = |Bo) + Y e |Pn)
e First-order density matrix (or 1-particle density matrix)
Dij = (V| E; | W)=Y chen D"
e Second-order density matrix (or 2-particle density matrix

1 ~ - . * mn
Pijii = (0| BijEp = 0jnBa | V) = > cren B



Generalization

) = |®o) + ) cn|Py)

First-order density matrix (or 1-particle density matrix)

Second-order density matrix (or 2-particle density matrix
1 T - * mn
Pijii = (0| BijEp = 0jnBa | V) = > cren B

Total energy

Etot — \Ij ‘ H ‘ \Ij Z th D’L] + Zgzjkl Pzgkl
17kl

h;; andg;;i; depend only on the molecular orbitals
D,; andP;;,; depend only on the wavefunction expansion coefficiepts



Density matrices

Hartree-Fock:

Epgr =2 Z hii + Z 2(it|79) — (ig|j7)

1€occ 1] Eocc

fits in the same expression as above with the density matrices

2 1=7;1€ occ.
0 otherwise

(2 i=4, k=1 i#k; all € occ.
1 1 =93 =k=1;1 € occ.
Pk = { . .] S
—1 =1, 5=k, 1#J;1,] € occ.

0 otherwise

\

Only entries 0, 1, 2 o1 in these matrices in the 1-determinant case.

Epgp = Z D;j hij + Z P;jr (ig]kL)

1j€all 1ykleall



Density matrices

One-electron properties:
Multipolar moments, electrostatic potentialsyls; D;; ( ¢ | O|¢;)

Integrals of the operator in molecular orbitals
Alternative: integrals and density matrix in atomic orksta

Fap = hag + Y _ Dy [2(afy6) — (ad]y)]

Yo

Mulliken population analysis

NA — Z DozB SozB
aBfEA

Dipole moment

i =Y Dap(Xal|xs)= D Dij{¢i|7|6;)
af 1]



Natural orbitals

We may diagonalize the multi-determinantal 1-particlenrab;;: orbitals with
fractional occupation numbers.

~2 electrons: closed shell
~1 electron : singly occupied orbital

~0 electrons: virtual orbitals
symmetric dissociation of H20, MCSCF

2.5

2.0

1.0

Natural orbital occupation

0.5

0.0

— A1,
— Al,

NEFRERPDMONER

6
r (O—H) / Angstrom

10

P. Reinhardt, UPMC, 2015 — p. 30



Remains to work

Derivatives of the total energy with respect to orbitals @tdoefficients:
o Derivatives ofh;; andg;,x; wrt orbital expansion coefficients
e Derivatives of the density matrices wrt to WF expansion fiaehts
e Alternate between orbital and WF optimization steps

_— T
Orbitals

N— /

P. Reinhardt, UPMC, 2015 — p. 31



Remains to work

Rotations in the parameter space via unitary mati¢egth U'U = UUT = 1.
e Conserves orthonormality
e Can be expressed as exponential of an anti-hermitian nigtrix

Tt=—T : U=¢"

o Orbital rotations (parameters are the matrix elem&ntps

Poxn (5, -5)

1>

e Wavefunction rotationsS = Z Sro (|Vr)(To| — [To) (W)
K0

e Transformation of a general multireference stdtg) into another

W) = €T e |0y

P. Reinhardt, UPMC, 2015 — p. 32



Finally the optimization

e Total energy after application of the rotations on an ihitia
multi-configurational statel):

e EXxpansion of the exponentials to 2nd order:

Fiot = <‘Ifo|ﬁ|q’0>+<‘1’0\{ﬁaﬂ\qfo> ‘I’0|[
+%<‘I’0\ Hﬁ»TA}aT} | Wo) + ‘I’0| HA S} } | W)
+( WUy | Hﬁ,TA},S} | Uy ) +

e Taylor expansion in the rotational parametéysandS k.

P. Reinhardt, UPMC, 2015 — p. 33



Finally the optimization

e Newton-Raphson procedure:

1
E(x) = E(0)+a'x+ §XTBX
a+Bx = 0
x = —Bla
e |dentify:

OFE A .
ar,; = (aTi) = (Yo | [H,Ez-j—Ejz} [ Po)

oLE A
ASky T <8SKO) :2<\DO‘H|\I}K>

Three types of 2nd derivatives: orbital—orbital, WF—aahiWWF-WF

Has to be implemented ....

P. Reinhardt, UPMC, 2015 - p. 34



Total energy (Hartree)

Symmetric dissociation of water

-75.0

—75.5

-76.0

—-76.5

Symmetric dissociation of water

| | e——e RHF

e——o CISD

| | e——e CCSD(T)
" | e——e MCSCF

0.5

1.0

15

OH distance (Angstrom)

2.0 2.5 3.0 3.5

4.0

4.5 5.0

P. Reinhardt, UPMC, 2015 - p. 35



Practical aspects

Much more expensive than RHF
Grows exponentially with number of active orbitals

Definition of active space not straightforward: all valeedectrons in all

valence atomic orbitals may be too large to handle
Convergence not assured
Active space may change for different points on a potentigbse

Starting point for calculations on
e Open-shell systems
e Electronically excited states

e Resonant singlet systems

P. Reinhardt, UPMC, 2015 — p. 36



That’s It for today

We hopefully saw

How all started

Why we speak about orbitals

Why chemists like orbitals

That orbitals are not all

What we mean when we speak of Hartree-Fock
That a variational principle is exploited

What we have to do for a Configuration Interaction
How to optimize orbitals through single excitations
How to break a bond correctly

P. Reinhardt, UPMC, 2015 — p. 37



Cl of Singles and Doubles

Number of configurations orbitals,n electronsy,

et = (:)2 B (m(J\fNi n)!)2

Example: HO, 10 electrons, 40 orbitals (small basisy 5, N = 40:
432974528064 = 4.6 x 10! determinants




Cl of Singles and Doubles

Number of configurations orbitals,n electronsy,

Hoet = (:)2 B <n!(JvNi n)!)2

Example: HO, 10 electrons, 40 orbitals (small basisy 5, N = 40:

432974528064 = 4.6 x 10 determinants
Possible solution: limit the number of excitations

e only doubly excited determinants in the expression for threatation energy
e Contribution of triples and quadruples small in MP4
Spin conservation during an excitation:

— 78225 = (5 x 4) x 2 x 35 x 34+ (5 x 5) x 35 x 35 determinants

Ve Ve

same spin opposite spin



Cl of Singles and Doubles

Number of configurations orbitals,n electronsy,

Hoet = (:)2 B <n!(NNi n)!)2

Example: HO, 10 electrons, 40 orbitals (small basisy 5, N = 40:

432974528064 = 4.6 x 10 determinants
Possible solution: limit the number of excitations

e only doubly excited determinants in the expression for threatation energy
e Contribution of triples and quadruples small in MP4
Spin conservation during an excitation:

— 78225 = (5 x 4) x 2 x 35 x 34+ (5 x 5) x 35 x 35 determinants

Ve Ve

same spin opposite spin

Additional reduction of the number of determinants:
e by spatial symmetry
e by spin combination: 4 open shels 1 quintet, 3 triplets, 2 singlets



Cl of Singles and Doubles

Too many determinants to hold the matrix of gdb; | H | D)
lterative solution of the eigenvalue problem, we are only interestatiébest
wavefunction (Davidson procedure):

Starting wavefunction®yr or ®yp + ¥1)

Form|U') = —(Hy — (U|H|¥))~1(H — (U|H|¥))|¥), construct th& x 2
matrix

<<§1}H\1f> <~\If|H\ij’>>
(' |H|W) (¥'|H|T)

diagonalize it; eigenvector is a better ¥
H, diagonal in the space of determinants
ConstruciU”) = —(Hy — (V' |H|U") " (H — (V' |H|¥')) |3,

orthogonalize to the previous ones, augmentthe2 matrix by one line
and column3 x 3 matrix

diagonalize, best vector givég”)
Continue until convergence

P. Reinhardt, UPMC, 2015 — p. 39
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P. Reinhardt, UPMC, 2015 — p. 40




Wrong scaling property of SD-CI

Model of N hydrogen molecules in minimal basis, without interaction

P. Reinhardt, UPMC, 2015 —p. 41



Wrong scaling property of SD-CI

e One single H molecule:

(Poz|H|Po3) = Eg3 = 2hao + (22(22)
(11 H[®3) = (12]12) = Ky

Bup K\ (1) _ (1
Ki2  Eys Co3 C93

with eigenvalues

2

Ve

A

Eos — E Eos — E 2
By = Eyp+ -2 L i\/( 2 HF) + K7,

\

= EHF+A:|:\/A2+K122

7

"~

ECO?"’I"



Wrong scaling property of SD-CI

N independent molecules{ — 1) Eyr subtracted):
(EHF Kio ... ... Klg\ ( 1 \ ( 1 \

o . . : Coar | = E | €221

In fact only two equations:

Ko
ECOT‘T‘ —2A

K12 T Ca23 E2Q - CQQ(EHF + ECOTT‘) — Co5 =

NK?%,

Eur+ N Kiscos = Egp + Ecorr — Ecorr = N 95 K12 =
ECOTT‘ —-2A




Wrong scaling property of SD-CI

Solution of the quadratic equation

E2., .. —2AEcy, —NKZ =0

Ecorr = A_\/A2+NK122 ~ \/N

Default of the size consistence !



Wrong scaling property of SD-CI

Solution of the quadratic equation

E2., .. —2AEcy, —NKZ =0

Ecorr = A_\/A2+NK122 ~ \/N

Default of the size consistence !
e Siegbahn’s correction

ECorr — (1 — C(Q))/Cg ECorr

P.E.M.Siegbahn, Chem.Phys.Lett., 55 (1978) 386
e Correction of Davidson and Silver

Ecorr — (1 —c3)/(2¢; — 1) Ecorr

E.R.Davidson, D.W.Silver, Chem.Phys.Lett., 52 (1977) 403



Wrong scaling property of SD-CI

Result for (H),, rings :

molecular case metal-like case

G—-oOCISD
-0.013} |©—©CISD . E3—& Siegbahn
O—F Siegbahn -0.015 &— Silver h
S—= Silver 0 A—A CEPA-0
A—A CEPA-0

-0.014

-0.017

—-0.015

correlation energy / H2
correlation energy / H2

-0.019

L L 1 1 1 L L 1 _0021 1 L L L L
6 14 22 30 38 46 6 30 38 46 54
# hydrogen atoms # hydrogen atoms

(41
[EY
I
N
N

P. Reinhardt, UPMC, 2015 - p. 44



Size-consistent methods

CISD eigenvalue problem

(0

Hor

Hrr — Epr

/}\

Cr

\:)

/}\

Cr

\1



Size-consistent methods

Dressed CISD eigenvalue problem

(0 ... Ho; ) /1) /1)
5 Hir — Epyr + A Cr Cr

\ - )\ \ i)

e A = Ec, decouples the equations: CEPA-O, too severe
e A should go toE ¢, asymptotically, but be zero for 2 electrons (Full CI 1)

2 . :
o ACPF:A = Fcypy (1 — N) Averaged Coupled Pair Functional
(N —2)(N —3) .
o AQCC:A = Fcorr NN — 1) Averaged Quadratic Coupled Cluster

e Self-consistent solution of the dressed equations



Correlation energy / CCSD(T) in %

100

(]
o

(oe]
o

70

Size-consistent methods

C2H4

C2H2 C2M6

C3H8

CH20\/ CO

CH4

H2

LiH

1 |@&—@ CISD

+—+ ACPF
AQCC
MP2

P. Reinhardt, UPMC, 2015 — p. 46



Perturbation theory

Decomposé in two parts

Eigenfunctions offf, known:

Hy®, = BV o,
In particular

Ho®y = E” &,
with the Hartree-Fock reference determinémt

But not necessarilyl, &, = Exr @

V small
Schrédinger equatiofy + V)|U) = Ey| )

P. Reinhardt, UPMC, 2015 — p. 47



Brillouin-Wigner perturbation theory
e Introduce a parameterwith 0 < )\ < 1:
H(\) = Hy + \V
e Projection of\ V|W) = (Ey — Hy)|¥) on the(®y| :
M| VW) = (B — B ) (94| 0)
thus (with(®o| ) = 1)

@k|V"I’>

) = Z@kﬂ‘bk\q’ |[®o) +>\Z@ —EO)

= |®0) +>\<Z B j{é))>vqf>

(Fy —

Infinite series i\ asV¥ on both sides



Brillouin-Wigner perturbation theory

(Brillouin-Wigner) Propagator

- (Z i) (2 )

0
= (Eo— E\)

A

e Wave function:|¥) = (1 FAGV + XN2GVGV + .. ) D)

e Energy:Fy = Eéo) + MDp| V| W), thus

Ey = E° 4+ X®|V|®o) + A2(D|VGV Do) + ...
= EV+EV+EY + ..

~ \P—1
. However,Eép) = (D (Vg)p V|®y) depends ork.

e Brillouin-Wigner perturbation theory



Rayleigh-Schrodinger perturbation theory

e Start again: introduce a paramefewith 0 < \ < 1:
H(\) = Hy + \V

e Parametrize the total energy and the wavefunction withthe Schrodinger
equation:

HMN TN\ = E\) TN



Rayleigh-Schrodinger perturbation theory

e Start again: introduce a paramefewith 0 < \ < 1:

A

H(\) = Hy + \V

e Parametrize the total energy and the wavefunction withthe Schrodinger
equation:

A

HO) T\ = EO) TN

e Develop in powers oA:

H=Hy +AV 5 [0) =Y A" [0y o B =Y A" g
n=0 n=0

e Develop|¥ (™) in eigenfunctions off, (excited determinants):

Ty = 37 0 (@ TM) = 3 o |By)
k=1 k=1

e Rayleigh-Schrodinger perturbation theory



Rayleigh-Schodinger perturbation theory

Schrddinger equatioH |V) = Ey |P) :

(HO + AV) i A By = i A g™ f: AP w0y
m=0 k=0

n=0



Rayleigh-Schodinger perturbation theory

Schrddinger equatioH |V) = Ey |P) :

(HO + AV) i A By = i A g™ f: AP w0y
m=0 k=0

n=0
Energies:
EyY = (0|V]n—1)
Coefficients:

n . 1
A = (@) = i (kI VIn 1)
o  “k

B B P - - B



Rayleigh-Schodinger perturbation theory

Schrddinger equatioH |V) = Ey |P) :

(HO + AV) i A By = i A g™ f: AP w0y
m=0 k=0

n=0

e We alwayshave

B + E{Y = (@0|Ho + V|®o) = (90|H|®o) = Enr

1

1

) = (@8 = g (k[ ]0)
0 o k

(0| V |k)?
0 (0)
) E!

2
By = (20| V[¥W) = -

( <0
k=0 T



RS perturbation theory

E(Y = (®|V|®e) = (0|V]|0)

) kK

EF = (@ |V]EW) = Y 0]V —5 5 V10)
k=0 kg _Ek

EY = (®|V]e®)

W& . DA -
= 2 (v <o|>>< |<o> v <0l><| w10
k.10 by — By by’ — L

E(1)2< 0Vk>>2 o

0 0
2 \ B )

There is a systematic structure in the equations ...
e.g.2n + 1 rule:

3 1
E( ) _ — (v |y e®y - E(() )<\IJ(1)|\IJ(1>>

P. Reinhardt, UPMC, 2015 — p. 51



Mgaller-Plesset perturbation theory

C.Mgller, M.S.Plesset, Phys.Rev., 46 (1934) 618

What should we take for I:IO 7

We know the eigenfunctions of the Fock operator: orbitals
We know the eigenvalues of these functions: orbital energies €; = F};

3 _E : AT oA AT A
H() = FMOJZ a; — eiai a;
)

)



Mgaller-Plesset perturbation theory

C.Mgller, M.S.Plesset, Phys.Rev., 46 (1934) 618

What should we take for I:[() 7

We know the eigenfunctions of the Fock operator: orbitals
We know the eigenvalues of these functions: orbital energies €; = F};

3 _E : AT oA AT A
H() = FMCLZ a; — eiai a;
)

)

Apply this to a Slater determinant : ]:[0 d, = Z e; | P
i€occ(k)

Matrix element (O | V' | k ): k must be a di-excited determinant, otherwise zero.

(0| V|k) = (@o|H|®)~(®o|Ho|®f)=(0|H|k)

\ 7
"~

=0
= (ta|jb) — (ib|ja)ds,s,  bi-electronic integrals




Mgaller-Plesset perturbation theory

Second-order energy:

B = % (2(ialjb) — (ib]ja)) (ialjb)
ijab €; + €; — €q — €p

And higher-order formulas can be derived as well ... but become and more
complex



Mgaller-Plesset perturbation theory

Second-order energy:

pe _ o 20lit) () Gl
ijab €; + €; — €q — €p

And higher-order formulas can be derived as well ... but become and more
complex

,_(ialjb)(ial;jb) _ (ia]jb)(ib|ja)

€; T € — €y — €p €; T € — € — €p




Diagrammatic language

The rules of the game

1.

a kWb

For a nth-order diagram draw 2 vertical rows of n linked®i
Link all the points (one line in, one line out)

Sum over all internal lines

A horizontal link between 2 points gives a bi-electromtegral

Draw a horizontal line between two pairs of points. Evdrihese results in
a factor in the denominator with the orbital energies of tagigal lines
encountered. Holes are positive, particles negative.

Yao Y«

1€Eocc acvirt

The overall sign is given by the number of closed loops archumber of

holes
(_ 1 ) closed loopg-holes

7. If a symmetry plane is present, multiply by 1/2
8. The diagram has to be multiplied B§°sed loops

P. Reinhardt, UPMC, 2015 — p. 54



Diagrammatic language

A 4-th order diagram as example

———————— ®
C
———————— ®
d
———————— ®
———————— ®
(1)
Dy RIS (iblic) (kiled) (jalid) ial jb)

ijkl abed 67’ T €k — € — EC)(Ei + € — €p — Ed)(ei + € — €aq — Gb)



Diagrammatic language

All third-order diagrams




Summary

Development order-by-order to improwgal energy
Straight-forward evaluation, term by term, diagram by daag
Only infinite ordersatisfies Schrddinger’s equation
Zeroth+first order is thélartree-Fock energy

1st-order wavefunctior— natural orbitals, density
Second-ordealways lowerdhe total energy

Higher orders become rapidetyore and more complex

on + 1 rule; E@7+1) known from¥(™):0 = 1,1 —3,2—=5

Commonly usedMP2, MP4

P. Reinhardt, UPMC, 2015 — p. 56



Correlation energy/CCSD(T) in %

Performance

105 |

=

o

o
[

O
6]
I T T T T

90 |

85 |

80 |

75 L

Basis aug-cc-pvtz, fixed geometry

P. Reinhardt, UPMC, 2015 — p. 57



Performance

Geometry parameters

Hartree-Fock 2nd order Mgller-Plesset
molecule| Ar(pm) Aang(deg.)] Ar(pm) Aang(deg.)
H,O —1.7 +1.8 +0.1 —0.4
N5 —-3.1 +1.6
CH, —0.5 —0.1
CO —2.4 +1.1
HF —1.8 +0.5
NH; —-1.4 +1.5 0.0 +0.5
P —3.6 +3.4
SO, —2.7 —1.3 +2.7 —1.1

Source: NIST database t p: / / www. ni st. org



Performance

Vibrational constants, atomization energies

Hartree-Fock 2nd order Mgller-Plesset Experiment
molecule v at.ener. v at.ener. % at.ener.
(cm™1)  (kd/mol) | (cm™1) (kd/mol) (cm™1)  (kJ/mol)
H>O 4121 597 3821 917 3657 018
N, 2726 472 2187 952 2359 942
CH, 3147 1260 3069 1607 2917 1642
CO 2421 716 2110 1099 2170 1072
HF 4465 380 4125 576 4138 567
NH; 3686 754 3503 1128 3337 1158
Py 909 150 726 451 781 486
SO, 1371 393 1106 — 1151 1063

Source: NIST database t p: / / www. ni st. org



How much does it cost ?

e MP2: N° due to integral transformatiofa3|yd) — (ia|;jb)
o CISD: N°, form matrix element$ ®¢’ | H | &7 )

e MP3: one iteration of CISD
e adding dressings to CISD: no additional cost
o MP4:
o exploit: (®f) | H | ©75 ) = (@o | H | D7)
o treatment of Singles, Doubles, and Quadruplesv®

o Triples: excitation sequence
(O|H|D)(D|H|T)T|H|D)(D|H|O0)
(PSP | H|®75e ) = (abklm|H|ijcde) — NT

e for comparison: HF or DFR N

P. Reinhardt, UPMC, 2015 — p. 59



Coupled Cluster Theory

Finally the Coupled-Cluster ....

e \Wavefunction
) = € [D)

e S excitation operator

T, = Zta”“

T, = Z teal ala;a;  ete
17,ab

e Schrodinger's equatiofl | ) = E | )
e Energy through projection againg,| or (®g|e

(Dole S He® Do) = (Bo|HeS|®y)

— <(I)0‘€_SE€S|(I)O> = FE =Fkpr + ECOTT

P. Reinhardt, UPMC, 2015 — p. 60



General approach
Projection ofe=° HeS:

(®%|e S He®|®y) = 0
<<I>“b|e—SHeS\<I>O> = 0 2)

Exponential
N . 1A 1A
GS—1+S+§S2—|—683—|—

leads to the (exact) Baker-Campbell-Hausdorff expansion

A A A A A 1 A A

e~SHeS = H+[H, S)+5[H, 8], S1+=[[[H, 5, 5], S+
Remains to inser$ = 7, + Ty, regroup and evaluate. We may use

e SHeS =TT freTitTs — =1 (G_TlHeTl) T = e 2H, ;e



General approach

=Y ala;,  To=) afalaja
(Xo!

Jkbc

wherea! creates an electron in (spin-)orbitalanda, destroys an electron in
(spin-)orbital:.
The operators obey the anti-commutation relations

{al, a5} = ala;+a;af =0
{as, a;} = ;0 +a;a; =
{al, al} = alal+alal =0 3)

due to the sign-change when exchanging two fermions in afwaggon (Pauli’s
principle). As a consequence we have

- Tl aal alay

ta jkbe —~
—a, ai —ajal
~ _l_ ~ ~ ~ ~ o A A
g g Taba,@ajalak—TQTl 4)

1jab kc



General approach

Projection offe®:

A B A A A A A 1 - 1 .
(@0 AT | 0y) <<I>?\H(T1+T2+T1T2+§TE+ETE)|<I>o>

(@[ He" T2 |00) = (@|H (1+ T+ Tp + TyTa+

1. 1 a1 1. 1 .
T2 T2, - T2 3 e T
+2 14’212+2 2+6 1+24 1 1®o)

Equation of degree 4 to solve, viarative methods



Continuing

Take only diexcitationstf = ¢i!):

E = (®o|H|®o) + (Bo|HTy|P0) = Exp + »  cr(®o| H| @)
I

N A 1 - A
(@8 (14 T+ 573 ) [00) = B (0| T2] #0)

_ cab
Look at the contributions froriy 75 (@) = 2 Y (ciV«cif) |[D57i)

klcd
with all the possibilities

ab . cd L ab _cd <C?Jb*cicli>

Cij *Cpr = Cij Cpp —
e i — x5t e et — i+ el e — et
el e — et bt e+ 5 e — e b + it et
it + bt — g+l e — i+ i



Continuing

Assembly :
ﬁoz + Z I:IIJ cj+
J

+ > (Pr|H|Pry ) (cr ey — (ervey))
J

— (EHF cr + Z]:[OJ cr CJ) =
J

A\ . 4
"

EC[

With (®; | H [ ®ry) = (Do | H|Dy)

Z<®[|ﬁ’¢[+J>C]CJ —ZI:IOJC]CJ =0
J J



Continuing

Finally the equations to determine the coefficients :

Hor + <<I>IUE[ — Egp|®r)cr + Z Hijey= ZF]OJ (cr*cy)
J£I J

e Still quadratic in the coefficients
e Only di-excited determinants to consider
e \We had for thevariationalCISD correlation energy:

ECOTTZZCI<(I)O|[:I’(I)I>
1

e Equations ressemble the CISD equations!
e To be solved iteratively

e For a given/ we have to loop over all: cost— N8

P. Reinhardt, UPMC, 2015 — p. 63



Including triple excitations

CCSD: only di-excited determinants needed

Cost as CISD or MP4 (SDQ)} N by precontraction

Triples may be important:
e Orbital corrections for di-excitations
e Much better performance for intermolecular interactions

Full triples step costs- N°®:
(ijkabe|H|lmnde f)

6 indicesijkabc and 2 differences— N°®
Needs much more memory for coefficienty’, etc.

Perturbative treatment: straightforward, no need foatiens— CCSD(T)
as triples in MP4~ N7

Nowadays reference method for closed-shell systems

P. Reinhardt, UPMC, 2015 — p. 64



Example: NH;—NH;

NH3 — NH3
-3.1 .
I B-LYP ]
-3.3 - (@) -
= i
E 35 .
c
2 B3LYP
8 -3.7F .
o} o}
=
5 I
2 -39 o .
5 I
i il CEPA-0 CCsb
! MP2 M\P4 S0 T AcPF -
I (o) 00 l
~
~43 T SAPT(hybrid) ]
s o CCSD(T) ]
-4.5

3.35 3.36 3.37 3.38 3.39 3.4 3.41 3.42 3.43
distance N — N (Angstrgm)
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Performance

Geometry parameters

Hartree-Fock MP2 CCSD(T)
molecule| Ar(pm) Aang() | Ar(pm) Aang() | Ar(pm) Aang()
H,O —1.7 +1.8 +0.1 —0.4 —0.1 —0.3
N -3.1 +1.6 +0.6
CH, —0.5 —0.1 +0.3
CO —2.4 +1.1 +0.8
HF —1.8 +0.5 +0.4
NH; —-1.4 +1.5 0.0 +0.5 +2.3 —0.3
P —3.6 +3.4 +2.3
SO, —2.7 —1.3 +2.7 —1.1 +0.3 —-1.1

Source: NIST database t p: / / www. ni st. org



Performance

Vibrational constants, atomization energies

2nd order Mgller-Plesset CCSD(T) Experiment
molecule v at.ener. v at.ener. % at.ener.
(cm™1) (kJ/mol) (cm™1)  (kd/mol) | (cm™!) (kJ/mol)
H>,O 3821 917 3811 899 3657 918
N5 2187 952 2339 897 2359 942
CH, 3069 1607 3028 1617 2917 1642
CO 2110 1099 2144 1040 2170 1072
HF 4125 576 4128 557 4138 567
NH; 3503 1128 3464 1131 3337 1158
Py 726 451 768 437 781 486
SO, 1106 — 1136 968 1151 1063

Source: NIST database t p: / / www. ni st. org



Orbital localization: what does it change?
e Correlation important if electrons are close

-— -
- ™~ -

7’
s’

/, H H “ H H l‘\'\ H
Jouad. Nl ] H
! \% N NN\
: H\C C 1 C | C
\ | 1 /N0 T\
' H , H |7{ H H
' \9/ ’

_____

e Bielectronic integrals less important for distant orlstal

e Hartree-Fock reference invariant to orbital rotations

e CISD as well as variational procedure

e The same holds for total-energy dressings (CEPA-0O, ACPF)

e CCSD projects against all excited determinants, the ifisitmmations of
all 7" onearatarc



Orbital localization: what does it change?

Perturbation theory is different:
e The Fock matrix is not any more diagonal

e Either leavef, — > Fm”f i = ) . eza a; and add the off-diagonal
Fock-matrix elements to the perturbatibnas additional series

orbitales canoniques  orbitales localisées perturbation supplémentaire en F
(MP2C) (MP2L) (MP2C - MP2L)

e Orintroduce the off-diagonal matrix elementsfﬁa Z FZJAT 2 and
leave the perturbatioli as is.



Orbital localization: what does it change?

Orbital invariant MP2:
e Schrodinger equatiofHy + AV) > N0 = 5= M EO S ARw k)

e First order wavefunctiow!) = 5", c?) ®;, projection ond

> eV (@l Ho — E§|®1) + (x| V| @0) = 0
1

e Define a functional (Hylleraas 1930)
h= 200V w0y 4 (W f, — B [eW)
e Put derivatives to zero (minimize)

o

— 2D |V|D 2er (D |Hy— EOD,) =0
Son (Pr|V| 0>+; cr (Px|Ho — Ey” |Pr)

e Insertinto functionalh = (¥ |V |w () = g()



Orbital localization: what does it change?

e System of linear equations

(P |H|Do) + Y (¢ Fac+ i Fye) — Y (il Fi + i Fj) =0
cevirt kecocc
e Evaluate integrals and Fock matrix in any set of localizduitals
e Energy will be always the same as the coefficients minimiaenatfonal.
e Formulas more complicated, but hope for linear scaling

H\ H H H I—I\ /H

’ / \ /
(\:,[{X/C\C/‘bc\c/ AN /H
| AN /\
H H H L

\O/



That's all

We saw today
e That a ClI, although variational, is not all
e What a size-consistent method should be
e What perturbation means in quantum chemistry
e That a perturbational approach grows rapidly in cost withdider
e How to write the Coupled-Cluster equations for having a&aitron energy
e That working in localized orbitals may be a way to reducereffo

P. Reinhardt, UPMC, 2015 — p. 68
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