Ecole thématique Roscoff — chimie
theorique

Peter Reinhardt

Laboratoire de Chimie Théorique, Université Plerre et Marie Curie, 75252 Paris CEDEX
05, Pet er. Rel nhar dt @Qipnt. fr

P. Reinhardt, UPMC, 2013 — p. 1/69



Organisation

Cours: mardi3h+1h, mercredilh30+1h,jeudilh30

e Equation de Schrodinger et systemes simples
e Modele de Bohr
e Boite 1D, oscillateur harmonique
o Atome d’hydrogene et ses orbitales

e Systemes polyélectroniques
e Modeles simplifiés : LCAO, hybrides, Hlckel
e Fonctions d’'onde : déterminants et regles de Slater
e Hartree-Fock
e Bases de fonctions atomiques

e Rupture de liaison : fonctions multideterminantales
e Corrélation electronigue : perturbation, IC, CC

e DFT et couplage avec perturbation
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Organisation

Travaux pratiques.
e Mardi AM 1 h: regles de Slater, calcul HF, rupture de liaison

e Mercredi AM 2 h : calcul pertubation, IC, logiciels “grand pub
Gaussian, Molpro, GAMESS, Dalton
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Spectroscopy

Hydrogen spectrum in the sun light - Joseph Fraunhofer
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Joseph von Fraunhofer Cpriberund Physiber 1757-1526 Deutsche Bundespost
1987
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Spectroscopy

Flame coloration from atomic spectra



Spectroscopy

Atomic emission spectra, helping to identify elements
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Bohr model and Schrodinger’s equation

mu? B e? 1
r \drey /) 12

Angular momentunl, = 7 x p'=m# x vin units ofh: |L| = mrv = nh

h?drey e 1
— I'n = n-, Up = —
e2m Adreg h n
1 m 2 \° 1
T, = —mv? = +—
o n i 2 (47‘(‘60 ) h? n?

> e? 1 me* 1
V,= [ F(r)dr=— - -
/T (r) dr (4% €0 ) T (4meq)2h? n?

e Works for the hydrogen atom and nothing else ...
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Bohr model and Schrodinger’s equation

Photoelectric effect shows for light quanta of energy:

E=hy=_C
YN

e Compton scattering confirms the equivalence of light andemat
e Heisenberg: 2-index quantities needed for describingggrdifferences
e Schrddinger: one differential equation with a Hamilton i@ber

5 )
JO
Yo

with | 2| as probability distribution to find a particle in space amaleti

e Time-independent probleni7 ¥ = E U with total energyE.

e NO movement, but average over many experiments to localegtele (e.g.
photographic film)

e Average over operatoly = (V| H | W)
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Bohr model and Schrodinger’s equation

Contributions to the Hamiltonian:
e Kinetic energyp?/(2m) of each particle, withf = —ihV
e Potential energy: electrostatics
e External fields: electromagnetic waves, static fields
Solve thus Schrodinger’s equations for many particles

1 Lo Lo Lo
<QZAZ-—|—V(I'1,1“2,...)> W(ry,To,...) = EW(T,T2,...)

Simple systems, atoms, molecules, solids

— physics and chemistry through mathematics
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Simple systems

1D rectangular potential:

0 forO<ax< L
00 otherwise

e Solve

with boundary condition® (0) = W(L) =0

e Unique solution:
2
U, (z) =1/ 7 sin nza}

with prefactor to respegfoL U, (2)|*dr = 1.

n?h?
~ 8mL2
e Applications: dyes, acid-base indicators, nano-strectiasers
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Simple systems

Harmonic oscillator:

e Potential:V (r) = Ska* from Hooke’s lawF'(z — z¢) = —k(z — x¢)
e Solve
oo 1
—— —— + —kz? | U(x) = EU
(-5 50 * 544°) ¥) = BV

with reduced mass

e Solution in two stepsd = /puw/h, w = \/k/ 1):

(ax)

o r — o0 U(xr)~e 2
e Correction as polynomial im:

8 1 (owc)2
v, (x) = H,(ax)e 2
@) = /5 () Halaro)

e Energy levelst,, = fiw (n + %)
e Application: vibrational spectroscopy (IR, RAMAN)
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Harmonic oscillato
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Simple systems
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Simple systems

Hydrogen atom:
e Potential:V'(r) = —1/r spherically symmetric
e Spherical harmonic¥y,, (6, ¢) solution of
L2 Y (0, 8) = R20(0 + 1) Yo (6, &)
e Laplacian in spherical co-ordinatés= 4 2 (r-2) + L
e Hamiltonian in spherical co-ordinates:

- 2
H=—3A—1= ka0t d)+ 45 ]

e Look for solution for the radial part (1D differential equat), in three steps
p=r/n:

o 7 —o00. pR(p)~e P, r—0: pR(p) ~ ptTle?

o Complete solutiomR,¢(p) = Ny, L' (p)p’e~? with associated
Laguerre polynomlalﬂw“(p).

e Energy:F = _§W as in the simple Bohr model.

Degeneracy:? vial =0,...,n — 1 andm = —/, ..., ¢ values of secondary
and magnetic quantum numbers.
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Simple systems

Hydrogen atom: Laguerre polynomials

LY (x) = e’

Hydrogenic functions

n n

2r ¢ 2r
Roe(r) = Ny (—) Ll <—) e~ (r/n)

e Classification/ =0—s,/=1—p, (=2 —d,{=3—f

e Spherical harmonic¥,,,, complex, real combinations, multiplied witt =
real solid harmonics ¥;,,, + Y, ., —i1(Yor, — Yo 1)

° 1,x,x,y,z,xy,xz,yz,x2——y2,322——r2,_.

1
2

e Energy levels depend only on E,, = — n
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Simple systems

Hydrogen atom: radial densities R*(r)
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Simple systems

Complete treatment

= | 00361 (Feinstruktur)

345,
I 3p3 3% | _
01082 { 100105 gszz } Spin-Orbit coupling: fine structure
f P2
Lu?nb Relativistic effects: LS —>J
ca.zevq SMft gg gg .
: Quantum electrodynamimcs: Lamb shift
r o i Hyperfine structure (spin—spin coupling)
0,3652
(4510%v) )
Fein- pn=e
struktur b
0,0353 (4,4-107eV)
| Lamb Shift 251,
| Y 2py,
} Termschema )
Th. Mayer—Kuckuk, Atomphysik
Teubner, 1986
Spektrum

Small corrections, but all visible and understood for thdriogen atoec. uec, 2015 -p. 70



Working with atomic orbitals

e Multi-electron system (atom) may be described by hydrogendrbitals

e Diatomics: combine atomic orbitals of same symmetry and aerargy to
molecular orbitals with simple rules: correlation diageam

AE A E AE

N R EL aa VI T
Tiu ‘ﬁA‘ v

e s S o I & B
f—%c Av G Zsﬂf ¢? %25

s GO0 e st BOY s |she 507 s
Ic=Cl IN=N| =9

e Bonding, anti-bonding and non-bondig orbitals, stabibfyiatomics
e Spin ground states, reactivity
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Works even for solids, Ti®

Working with atomic orbitals

) T1 s,p, Ti-O antiliantes

2t
2‘319*
4p “
4S 2egi:
_ 1ty
) . 60(2s,2p)
Ti Te,,
lalg
OM octaedre T1O,

— ¢,, 11-O antiliantes

[— 1, T1-O non liantes

| ) O 2p, T1-O liantes

——> 0 2s

Structure de bandes attendues

Diagram: Monica Calatayud, LCT, after R. Hoffmann, Solidd aaorfaces,
Wiley-VCH, 1989
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Working with atomic orbitals

More than 2 centers: hybridization of atomic orbitals

S
e

C

Seriessp, sp?, sp? for describing H—-G&C-H, H,C=CH,, H;C—CH;

1o = s£p.  sphybrid

¢3 Px
Qg = Py

P. Reinhardt, UPMC, 2013 — p. 9/69



Working with atomic orbitals

Triangular situation: sphybrids

2 1 2 :
ip = % S+ \/; T sz hyb”d
2 1 1 1
L, = = 8= —=p,E —— sp” hybrid
2,3 \/g \/ép \/ipy p2 y
¢4 — Pz
Tetrahedral situation (4 bonds)
1
P12 = 5( + pe £ py = p2)
1
34 = 5(s—psEtp, Fp:)

Very idealized situations — qualitatively correct, intu& chemistry

P. Reinhardt, UPMC, 2013 — p. 9/69



Working with atomic orbitals

Bond lengths may as well be explained with¥ hybrids only

>\ rok < Single bond 154 pm

Double bond 133 pm
—@— Triple bond 121 pm

Fig. 109. Double bonds as bent sigma bonds.

H.J. Bernstein, J.Chem.Phys., 15 (1947) 284, 339, 688
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The variational principle

Theorem any approximate (normalized) wavefunction for the grostade of the
HamiltonianH is higher in energy than the true ground stéte:

<\Ijapprox‘ﬁ|\:[]approa:> 2 <\PO‘}/\I‘\I}O> — EO

with H |To) = Eo |¥o)
Proof H is hermitian, thus

e the eigenvalues off are real.
e the eigenvectors aff are orthogonal.

e any approximate wavefunction can be expressed in the eigetiéns of /f

Eapproa: — <\Ijapproa: |H‘\Ijapp'r*oac>

7 7 7
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Hlckel theory

Ernst Hickel, 1930: admit a simple
e product wavefunctioW = ¢1(1)p2(2)...¢,(n) and an

e one-electron Hamiltonia®l = hy + hy + ... h,, acting on electrons. . . n.
If

A

h¢i(F) — € ¢z(f’)

then

i) = (z h> ) - (z ) v = B )
satisfying Schrodinger’s equation.
e Valence atomic orbitalg (or only r system) for each atom
e On-site interactiory.|h|ya) = a < 0

e Next-neighbour interactiotiy.|h|xs) = b < 0
e Parametrized matrix elements

P. Reinhardt, UPMC, 2013 — p. 11/69



Hlckel theory

Example butadiene C}H#CH-CH=CH,:

(aboo\
ﬁ:bab()
O b a b
\0 0 b af

e 4 eigenvalues (2a £ b £ v/5b)
e Corresponding eigenvectors: ++++, ++-- +--+, +-+-
e 4 7 electrons to be inserted into the two lowest orbitals

AR R

a+162b a+0.62b a-0.62b a-162b
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Hlckel theory

Example cyclo-butadiene -CH=CH-CH=CH-:

(a b O b\
o b a b 0
0O b a b
\b 0 b qf

e 3 different eigenvalues — 2b, a, a, a + 2b

iy ey

a+2b a

e Where to put the 4 electrons ? Unstable molecule.
e 4n + 2 rule for cyclic hydrocarbons.
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Many-electron wavefunctions

Many-electron systems: atomic Hamiltonian

() SR S e

1=1 1=1 3=:+1

Wavefunction contains as well spin(ry, 75, ..., 7, 1,82, ..., Sp)

e Should be antisymmetric

\If((??l, 81), (772, 82), . ) m— —\P((FQ, 82), (?71, 81), .. )

e Electron density

o(F) = n // (TR, PRy dr,

3n—3 integrals
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Many-electron wavefunctions

Case of 2 electrons, same spatial orlytatlifferent spins:

A

\11(7?1781,7?2782) = (

1)P(72) ﬂ[ a(s1)B(s2) — a(s2)B(s1)]
= () (f ) X @A<81,82)

Energy depends only on the spatial part

(D504 |H|DPsO4) = (Ps|H|Dg) x (04]04) = (Pg|H|Ps)

P. Reinhardt, UPMC, 2013 — p. 12/69



Many-electron wavefunctions

Two different orbitals, two different spins

\If (7“1,81,7“2,82) = (I)S( I, 2) X @A(81,82>
(01(71)@2(72) + ¢1(72)P2(71)] [u(s1)5(s2) — as2)B(51)] /2

Other possibility

U (P, s1,m,80) = [01(T1)d2(72) — ¢2(71)d1(72)] auls1)a(s2)
= Py (T1,T2) X Og(s1, 52)
3 possibilities for symmetric spin parts
1
a(s1)a(sz2) NG (a(s1)B(s2) + B(s1)a(s2)) B(s1)B(s2)

Conclusion: one singlet wavefunction, 3 triplet wavefumas, different in
energy, even with equal orbitals.
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Many-electron wavefunctions

General case with more than 2 electron: Slater determidadt Slater 1929)

¢1(r1)o1(s1) .. @1(Tn)o1(sn)

On(M)0n(51) - On(Th)on(sn)

Completely antisymmetric upon exchange of electrons

P. Reinhardt, UPMC, 2013 — p. 13/69



Many-electron wavefunctions

General case with more than 2 electron: Slater determidadt Slater 1929)

d1(F)oi(s1) ... ¢1(Fn)oi(sn)
\Ij(Fl---,Fn,Sl...Sn) — L . . .

Vn!

On(M)0n(51) - On(Th)on(sn)

Completely antisymmetric upon exchange of electrons
The triplet wavefunctions (un-normalized)

Vs [61(1)$2(2) — d2(1)61(2)] (a(D)a(2) + a(1)a(2))
_ |ea) @@ _
b2(1)a(l)  $2(2)a(2)
o [ ()BQA) o1(2)B(2)] 1 -
Y = emp) e@p)|




Many-electron wavefunctions
However:

‘I’élg = Q102+ P12 — P21 — P21
$1(1) 61(2)| | |01(1) ¢1(2)
P2(1)  ¢2(2)  |P2(1) ¢2(2)
\Péﬁ = Q102 — P12 + P21 — P2y
$1(1) 61(2)] _|41(1) 61(2)
P2(1)  ¢2(2)  |P2(1) ¢2(2)

+ = [p102) + [P1¢2)

= [p102) — [P102)

Two determinants necessary
Single-determinant situations:

e Closed-shell systems (for every occupigthere is an occupied)
e High-spin systems (singly occupied orbitals have all threesapin)
e Combinations of both[1122...556879)
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Calculate with Slater determinants

“Problem”: how to calculaté? ¥ or
(VIH|) = (U|HY) = (HTW|¥) = (HV|)
whenV is a Slaterdeterminant, ard the molecular Hamilton operator

A _1 o A 1

1<J

with a one-electron part and a two-electron part

¢1(71)  @1(2) ... P1(T2n)

) = 5 5 = 1122...nn
v 2n)! g, ( ’ |

-
3
~—
AR
N——"
-
3
~—
!
~
N———"
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Calculate with Slater determinants

One-electron operat@p, = S°-7, h;:

(1122...i...n0]O1]1122...5.. . nq)

1
= (2n)1<@|§@>

(2n)! terms

2n terms

— / /f Zil(?}&) g(F1,F2...f2n> dS’I“l...dS’I“Qn
k

(
< Ih\qu}

e as each of th¢2n)! terms has to appear in the same ordering on the left anc
on the right,

e as each ofn operators acts equally on each electron,
e as the integration factorizes,

o ase.g{d1|h|¢1) ... (¢il¢;) ... (dn|dn) = 0.
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Calculate with Slater determinants

One-electron operatafbl = > . ﬁi, other cases

(1122...0... k...na|O1]1122...5...0...nA) = O
(1122...4...na|O1[1122...5...nA) = (¢;|h|o;)
(1122...n0|01|1122...n0) = 2> (¢i|hl¢;)
1=1

P. Reinhardt, UPMC, 2013 — p. 15/69



Calculate with Slater determinants

Two-electron operataD; = 37, §i;

(1122...0...5.. . k...na|0x]1122...p...q...7...nA) = 0
(1122...4...5...nn|02|1122...p...q...nh) = (Di|G|PpDq)
(1122...0...5...n0|0x|1122...p...q...n0) = (¢;d;|3|dpdq)

_<¢i¢j §‘¢q¢p>

(1122...4i...nn|Oz|1122. . pi...nn) = 2(¢udi|d|drdp)—(Pudildldpdr)
koA

+(0i¢i|g|Ppdi)

(1122...n7|0[1122. . .nn) = ) ) 2(pig;|gldicb;) — (bih; |91 0:)

i=1 j=1

Slater-Condon rulesl.C. Slater, Phys.Rev., 34 (1929) 1293; E.U. Condon, Phys.Rev.,
36 (1930) 1121)
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Calculate with Slater determinants

Integral notations:
e Physicists:

<¢z¢j‘—|¢k¢£ //gbz (2)d37“1d37“2

e Chemists:

(ij|kt) = //gbZ (ﬁ)dgrldgfrg

e Symmetry:

(i7]kC)

(Filkt) = (ji|Ck) = (i7|Ck)
(ktlig) = (Cklig) = (Ck[ji) = (K|77)



Hartree-Fock eguations

Total energy for one single determinant (closed shell case)

E = 2% ha+ Y (2iljj) - (ijlif))

1€occ. 1,7 €occ.

— Z Paﬁhaﬁ + - Z Pozﬁ Z O‘ﬁl’yé (O‘(gh/ﬁ))

o Density matrixP.s =2 > .. .. Caicgiina(finite) basis
¢i(T) = 20 CaiXal(T).

e \We have to derivér wrt thec,; under the condition

= (¢il¢j) = > Caipj Sap
af

Z Pophap = 4¢yihay+2 ) cpilpy+2 ) cpihyg =4) cpilyp

0
“ias B B 5
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Hartree-Fock eguations

Lagrange multipliers :

L=F— 42 €ij (Z CaiCBjSaf — 5@'9’)
ij

af
leads to equations

0
0 = (%m;ﬁ

= 42051 (hozg + ZP75 @6"}/5 045"}/6 ) —4 ZZEZ] CBj 045

\ 4

Ve

Fock matrix F', g

P. Reinhardt, UPMC, 2013 — p. 17/69



Hartree-Fock eguations

In matrix form:

or

FC = SCe

Foi =Y €0,

J

beyond the limitations of a (finite) basis set to express mwég orbitalsy,

Self-consistentf contains the occupied orbitals) eigenvalue problem
Orbitals for lowest energy within single-determinant wiawvestion

Unitary rotations " = U 1) within the occupied or the virtual orbital
space do not change the energy of wavefunction.

Transform orbitals foe diagonal: canonical orbitals

Fo, = € ¢;

Brillouin’s theorem: occupied and virtual orbital do nobmi;, = 0 for
any set of Hartree-Fock orbitals (canonical or not).

P. Reinhardt, UPMC, 2013 — p. 17/69



Basis sets

Hydrogen atom: spans not all possible space of one-elefitrmtions.
e Nodeless Slater functions

STE(r 0, 01 0) = Yom(0,0) x 77 x e 7 (<n-—1

nfm

e Gaussian functions

2

G 0,010) = Yo (0,0) x r* x e "

Im

Why Gaussians ? Try to calculate a four-center bielectrimegral

6—0&|F1—RA|6—,6|F1—RB‘6—7|F2—Rc|6—5|F2—RD| 3 3
= = d Tld T2

1 — T

Possible with Gaussians due to product formula

(Ra—Rp)® —(a+b) (- aRAtbRp )2

e—a(?—f_{A)Qe—b(f—f_{B)Q — o atb

e a+b

transforming a 4-center integral into a 2-center integral.
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Basis sets

e Minimal basis sets: for each atomic occupied level a set atlfasctions
(H 1s, C1s2s2p, Ti 152s2p3s3p3d4s etc.)

e Split-valence basis sets: multiple basis functions foheadence orbital
(6-31G, double or tripl€ etc.)

e Even-tempered basis sets: Gaussian exponents obey geaiiaw
a; = ap X T°

e add polarization functions of higher angular momentum

e add diffuse functions with small exponents for bond formiati

e add correlation functions

°* ........ toward complete basis set.

Basis set librariesht t ps: // bse. pnl . gov/ bse/ port al Basis Set
Exchange withe 500 basis sets.

e Nearly every quantum chemistry program has its library
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Basis set extrapolations

e Larger basis set = lower energy
e Hartree-Fock limit: still 1 determinant
e Systematic constructions ?

Example: He atom in series of basis sets aug-cc-pvXz, X=2..6

X HF energy (a.u.) correlated energy (Full Cl, a.u.) # basis fanst

2 —2.855704 —2.88955 11
3 —2.861183 —2.90060 28
4 —2.861522 —2.90253 58
5 —2.861627 —2.90320 108
6 —2.861673 —2.90346 186

Extrapolation: empiricallyz(X) = A + 2

Y3

E<OO):A:E(X)_X3_Y3(

E(X) - E(Y))

P. Reinhardt, UPMC, 2013 — p. 19/69



Basis set extrapolations

e Larger basis set = lower energy
e Hartree-Fock limit: still 1 determinant
e Systematic constructions ?

Example: He atom in series of basis sets aug-cc-pvXz, X=2..6

X HF energy (a.u.) correlated energy (Full Cl, a.u.) # basis fanst

2 —2.855704 —2.88955 11
3 —2.861183 —2.90060 28
4 —2.861522 —2.90253 58
5 —2.861627 —2.90320 108
6 —2.861673 —2.90346 186

Extrapolation

A B
HF —2.86228 0.0509344
Full CI  —2.90431 0.1168

P. Reinhardt, UPMC, 2013 — p. 19/69



What do we have already: Hartree-Fock

Closed-shell systems
At disposition
e Molecular orbitals— density, multipolar moments
e Orbital energies— ionization potentials, excitation energies, band
structures

e Total energy— geometry, dissociation energies, vibrational and rotatio
constants, IR spectra, polarizabilities, thermochemistr

P. Reinhardt, UPMC, 2013 — p. 20/69



What do we have already: Hartree-Fock

Closed-shell systems
At disposition

e Molecular orbitals— density, multipolar moments

e Orbital energies— ionization potentials, excitation energies, band
structures

e Total energy— geometry, dissociation energies, vibrational and rotatio
constants, IR spectra, polarizabilities, thermochemistr

How do they perform?
e Good geometries, slightly too short bond lengths
e Good ionization potentials (Koopmans theorem)
e Bad binding energies (50 % of experimental values)
e Bad vibrational frequencies (much too high)

e Incapable to dissociate closed-shell systems continontsiytwo separated
open-shell systems

e Only high-spin states possible, no open-shell singletrfstance
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Bond dissociation

Calculation for H in a minimal basis for different bond lengths

0O = SA+ 8B 0O = SA—SB

e Equilibrium distance:
o Hartree-Fock|®y) = |oa)
o 2-determinant wavefunction] V) = /1 — e2|05) + ¢|o*c*)
Long distance:

W) = a|oa) + blo*a*) with |a| ~ [b] =~ 1/V2

in order to haves 4sp) + |sps4) without the ionic configurations 45 4 )
and\sB§B>
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Total energy (a.u.)

—-0.7 Bl
—-0.8
-0.9
-1.0
-1.1

-12 L

Bond dissociation

H2 in a minimal Slater basis, optimal exponent

Hartree—Fock
Full CI
experiment
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Bond dissociation

Hartree-Fock:

o(1) o(2)] _|(sa+sp)(1) (sa+58)(2)
o(1) a(2)] |(Ga+5s)(1) (54+58)(2)

= [saSa) + [sBSB) + [saSB) + [sBSa)

v) =

Two regimes of deviation from experiment:
e R~ R.,: small, but significant contribution, dynamical electranrelation
e R — 00! ¢y = c1, nondynamical electron correlation
e Electron correlation = insufficiency of “1 electron = 1 odiit

Definition of the correlation energy

ECO’I"?“ = E — EgF

Two common approaches to dynamical correlation:
1. Perturbation theory
2. Configuration Interaction

P. Reinhardt, UPMC, 2013 — p. 21/69



Electron Correlation

Treat it in a mixed order:
e Configuration Interaction
e MCSCF and bond breaking

e Dynamical correlation
e Configuration Interaction of Single and Double excitations
e Perturbation theory

e Coupled-Cluster Theory

P. Reinhardt, UPMC, 2013 — p. 22/69



Configuration interaction

e Add additional determinants

\IJICOCI)O—I—ZC[(I)]
1

e Minimize the total energy under the constrajit V) = 1:

C()(I)O —|—Z CJ(I)J>
J

L({erk;sA) = E({er}) — A ((|¥) — 1)
e System of linear equations

E({c1}) = <coc1>0 +> cr®|H

OL({cr}; )
86]

L({er}:N)
O\
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Configuration interaction

Written as matrix equation:

(<0|§|o> .. oH|) ... .\ (c.o\ (c.o\

<oyﬁu> ... (IH|J) ... | cll CIJ
\ ) \i) o\

Identify A with the total energy from the functional:

E({ci}) = ) 1y cp(@r|H|®;)=X) ¢ =

1 J I

\ - 7

—)\C]



Configuration interaction

Substractty r = (Po|H|P() from the diagonal:

/ 0 (O|H|T) \ (C_O\ (c.o\

. | K . :ECOT‘T .
(O[H|I) ... (I/H|I)—Epgpr ... ” ¢

\ ) \i) \/

e Intermediate norm¢y = 1 :

Biotar = (P |H| ) = Eyp + Y ¢ (0|H[ ;)
I#0

ECO?“T:ZCI<O’H’®I>
140

e The correlation energy sntirelydetermined by the coefficients of the
di-excitations
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MCSCF: general considerations

Few electrons in a few orbitals to consider
e H-O: 4 electrons in 4 orbitals to start with

e Better: 8 electrons in 6 orbitals n H, 2sp on O)
e Full Clin this subspace
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MCSCF: general considerations

Few electrons in a few orbitals to consider
e H-O: 4 electrons in 4 orbitals to start with

e Better: 8 electrons in 6 orbitals n H, 2sp on O)
e Full Clin this subspace

Other example:
e Triple bond in N: 6 electrons of the 14 possible in 6 atorgjcorbitals

Ny ('S}) — 2N(*9)

/J%\
N —H—N R BN
e RN H

P. Reinhardt, UPMC, 2013 — p. 24/69



MCSCF: general considerations

Few electrons in a few orbitals to consider
e H-O: 4 electrons in 4 orbitals to start with

e Better: 8 electrons in 6 orbitals n H, 2sp on O)
e Full Clin this subspace

Other example:
e Triple bond in N: 6 electrons of the 14 possible in 6 atorgjcorbitals

Ny ('S}) — 2N(*9)

y ﬂ AT
: N ‘. : ‘.
Need for multiconfigurational wavefunctions

Non-dynamical correlation
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General considerations

2 ingredients needed:
e Where to look fororbitals?
e Whichdeterminantso take?
Hartree-Fock orbitals optimized for one single determinan
e Average over different occupations?
e But how to treat open-shell determinants? No spin eigeriomns!

Simultaneous optimization of orbitadsidwavefunctions:

Multiconfigurational Self-Consistent Field
(MCSCF)
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Super-Cl method

Alternative to the diagonalization of the Fock matrix
1. Starting orbitals
2. Orthonormalize the orbitals
3. Construct Fock matrix, calculate total energy
4. Construct Cl matrix of single excitations

(@ﬂf[\(ﬁ?) ~ Fopdi; — Fijoan

5. Use the CI coefficients of
1 a a a
v) = \CI>o>+—ZcZ- (]2¢) + [D))

to correct the orbitals (occupied and virtual ones) through

¢;:¢i+zcg¢a§ gb;:gba_zcg(bi

(

6 . GO tO Ste 62 P. Reinhardt, UPMC, 2013 — p. 26/69



Super-Cl method

If canonical orbitals are required, then diagonabreethe converged Fock
matrix

e Orbitals change through mono-excitations
e EXxcitation operator

A 1
Ei, = NG (&g,a&i,a + &Z,ﬁdz‘,ﬁ)
Bal®) = —= (|02 +[07))
\/§ 1
) = (1 +> Ez‘a) |Po)

e Convergence achieved if Brillouin’s theorem is satisfied
(Do| H|®F) = Fiy — 0

or total energy changes smaller than a given threshold
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Super-Cl method

If canonical orbitals are required, then diagonabreethe converged Fock
matrix

e Orbitals change through mono-excitations
e EXxcitation operator
o Creation/destruction operators obey anti-commutat@&stul

Creation operatorfs}, destruction operatois
Definition for an antisymmetric wavefunction:

allny...ni..) = 0;(1—ng)|n...1;...)

Wavefunction is antisymmetric: the order of creation is artpnt
alal = —alal, oralal +alal =0

the same holds for the destruction operatéfs; = —a;a;

We may destroy an existing particle or hole and recreate dremate
a non-existing particle or hole and destroyiifz,; + a;a! = 1

I B 1 (CALT & 4 CAI,T & [—2\ P. Reinhardt, UPMC, 2013 — p. 26/69
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Super-Cl method

If canonical orbitals are required, then diagonabreethe converged Fock
matrix

e Orbitals change through mono-excitations
e EXxcitation operator

A 1
Ei, = NG (&g,a&i,a + &Z,ﬁdz‘,ﬁ)
Bal®) = —= (|02 +[07))
\/§ 1
) = (1 +> Ez‘a) |Po)

e Convergence achieved if Brillouin’s theorem is satisfied
(Do| H|®F) = Fiy — 0

or total energy changes smaller than a given threshold
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Generalization

Matrix elements between determinants,,) and|®,,)

e Monoelectronic operatat:
(P | 1| Pr) = Zhw m‘EAij‘q)n>
- oy

e Bi-electronic operato::

~ 1 A
<(I)m‘G‘(I)n> — _Zgzjkl< m‘EwEkl jkEZl‘¢n>
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Generalization

) = Do) + Y cn|Pn)
e First-order density matrix (or 1-particle density matrix)

Dij = (W|E;|¥)=> chen D"

e Second-order density matrix (or 2-particle density matrix

1 - - - * mn
Piji = (0| EBijEp = 0jnBa | V) = > cren P
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Generalization

) = [®o) + ) cn|®n)

First-order density matrix (or 1-particle density matrix)

Second-order density matrix (or 2-particle density matrix
1 T - * mn
Piji = (| EijEp — 0jnBa | V) = > cren P

Total energy

Etot — \Ij ‘ H | \Ij Z hzg ng =+ Zgwkl 1kl
17kl

h;; andg;;; depend only on the molecular orbitals
D,; andP;;;; depend only on the wavefunction expansion coefficieyss:-» 2



Density matrices

Hartree-Fock:

Epgrp =2 Z hii + Z 2(i1|579) — (ig]j7)

1€occ 1] €occ

fits in the same expression as above with the density matrices

0 otherwise

{2 1= 17; 1 € occ.

(2 i=4, k=1 i#k; all € occ.
1 1=73=k=1;1 € occ.
Pijkr = { . . S
—1 i=1l, 5=k, 1#3;1,j € occ.

0 otherwise

\

Only entries 0, 1, 2 o1 in these matrices in the 1-determinant case.

Epyrp = Z Dij hij + Z Pk (i7|kL)

1j€all 1ykleall P. Reinhardt, UPMC, 2013 — p. 28/69



Density matrices

One-electron properties:
Multipolar moments, electrostatic potentialsy@s, D;; ( ¢; | O|¢;)

Integrals of the operator in molecular orbitals
Alternative: integrals and density matrix in atomic orksta

Fap = hag+ Y _ Dys [2(af76) — (ab]y3)]

~¥o

Mulliken population analysis

Na = Y DagSas
aBeA

Dipole moment

i =Y Dag{xalTIxs)= > Dii{¢i|7|¢s)

af 1€o0cc
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Natural orbitals

We may diagonalize the multi-determinantal 1-particlenrab;;: orbitals with
fractional occupation numbers.

~2 electrons: closed shell
~1 electron : singly occupied orbital

~0 electrons: virtual orbitals
symmetric dissociation of H20, MCSCF

2.5

2.0

1.5

1.0

Natural orbital occupation

0.5

0.0

— A1,
— Al,

NFPPFRPRA~AWDNPRE

6
r (O—H) / Angstrom

10
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Remains to work

Derivatives of the total energy with respect to orbitals @tidoefficients:
e Derivatives ofh;; andg;,x; wrt orbital expansion coefficients
e Derivatives of the density matrices wrt to WF expansion ftoehts
e Alternate between orbital and WF optimization steps

_— T
Orbitals

N—_ /

P. Reinhardt, UPMC, 2013 — p. 30/69



Remains to work

Rotations in the parameter space via unitary mati¢egth U'U = UUT = 1.
e Conserves orthonormality
e Can be expressed as exponential of an anti-hermitian ni&trix

Th=—T : U=¢"

o Orbital rotations (parameters are the matrix elem@&ntps

T = ZTZ] (EZJ — Eﬂ)

1>

e Wavefunction rotationsS = Z Sro (|Ur) (o] — [Wo) (W)
K0

e Transformation of a general multireference stadtg) into another

) = e’ e” [Wo)

P. Reinhardt, UPMC, 2013 — p. 31/69



Finally the optimization

e Total energy after application of the rotations on an ihitia
multi-configurational statel):

Etot E— <\Ij0 ‘ G_SG_T}AIQT eg ‘ \Ij0>
e EXxpansion of the exponentials to 2nd order:
Py = <qfo\ﬁ1\qfo>+<qfoy[ﬁ,ﬂ|qfo> xpo\[
1 NG T A
Jr§<‘I’0| {{HaT} 7T} | Wo) + ‘I’o\ H S} } | ¥o)
+( Wo | H]:LT},S} | Uy ) +

e Taylor expansion in the rotational parametéysand.S
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Finally the optimization

e Newton-Raphson procedure:

1
E(x) = E(0)+a'.x+ §XTBX
a+Bx = 0
x = —-Bla
e |dentify:
OF N .
ar,; = (aTij):Wo‘ {H,Ez-j—Eji | Uo )
OF A
ASko T (85[{0) — 2<\I]0|H|\IJK>

Three types of 2nd derivatives: orbital-orbital, WF-aahiWF-WF

Has to be implemented ....
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Total energy (Hartree)

Symmetric dissociation of water

Symmetric dissociation of water

-75.0 ' '+ 1 '’ rrrrr+rrrrrrrr+rr+ 1+ T o1 1
| | —e RHF
| CISD
o——o CCSD(T)
- | e——e MCSCF
=755
-76.0
_76.5............I....I....I....I........I....
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 45 50

OH distance (Angstrom)
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Practical aspects

Much more expensive than RHF
Grows exponentially with number of active orbitals

Definition of active space not straightforward: all valeebectrons in all

valence atomic orbitals may be too large
Convergence not assured
Active space may change for different points on a potentigbse

Starting point for calculations on
e Open-shell systems
e Electronically excited states

e Resonant singlet systems
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Cl of Singles and Doubles

Number of configurationsV orbitals,n electronsy, 5

Noet = @)2 B (n!u\fNi n)!)2

Example: HO, 10 electrons, 40 orbitals (small basis} 5, N = 40:
432974528064 = 4.6 x 10! determinants
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Cl of Singles and Doubles

Number of configurationsV orbitals,n electronsy, 5

Noet = (:)2 B (n!u\fNi n)!)2

Example: HO, 10 electrons, 40 orbitals (small basis} 5, N = 40:

432974528064 = 4.6 x 10 determinants
Possible solution: limit the number of excitations

e only doubly excited determinants in the expression for threetation energy
e Contribution of triples and quadruples small in MP4
Spin conservation during an excitation;

— 78225 = (5 x 4) x 2 x 35 x 34+ (5 x 5) x 35 x 35 determinants

~/ "~

same spin opposite spin
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Cl of Singles and Doubles

Number of configurationsV orbitals,n electronsy, 5

Noet = (:)2 B (n!u\fNi n)!)2

Example: HO, 10 electrons, 40 orbitals (small basis} 5, N = 40:

432974528064 = 4.6 x 10 determinants
Possible solution: limit the number of excitations

e only doubly excited determinants in the expression for threetation energy
e Contribution of triples and quadruples small in MP4
Spin conservation during an excitation;

— 78225 = (5 x4) x 2 x 35 x 34+ (5 x5) x 35 x 35 determinants

~/ ~"

same spin opposite spin

Additional reduction of the number of determinants:
e Dy spatial symmetry
e by spin combination: 4 open shells 1 quintet, 3 triplets, 2 singtetsyevc 2013-p 3o



Cl of Singles and Doubles

Too many determinants to hold the matrix ofgdb; | H | D)
lterative solution of the eigenvalue problem, we are only interestetiébest
wavefunction (Davidson procedure):

e Starting wavefunction®ur or @up + 1)

o Form|¥') = —(Hy — (V|H|U))~ (H — (U|H|¥))|¥), construct the x 2
matrix

<<gf|H|\11> <511H|\iy>>
(O |H|W) (¥|H|T)

diagonalize it; eigenvector is a better W

e Construci¥”) = —(Hy — (V'|H|¥"))~ (H — (¥'|H|¥'))|¥’), augment
the2 x 2 matrix by one line and columr® x 3 matrix

e diagonalize, best vector giveég”’)

e Continue until convergence

e Convergence in ca. 10 iterations
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Wrong scaling property of SD-CI

Model of N hydrogen molecules in minimal basis, without interaction

H2 | H2 | H2 | H2 | H2

0 060 00 060 00

R EER A



Wrong scaling property of SD-CI

e One single H molecule:

(Poz|H|Po3) = Ea3 = 2hao + (22(22)
(P17|H[®g3) = (1212) = K9

Ergr Kio 1) > 1
Ko FEoy ) \ ¢ C23
with eigenvalues

Eos — E Eos — E 2
By = Eyp+ —2 tr i\/( 2 HF> + K7,

= EHF+Ai\/A2+K122

7

"

Ec
ormTr
P. Reinhardt, UPMC, 2013 — p. 40/69



Wrong scaling property of SD-CI

N independent molecules{ — 1) Eyr subtracted):
/EHF Kio ... ... Klg\ ( 1 \ ( 1 \

o . . : caar | = FE | C2.1

In fact only two equations:

K12
ECOTT‘ —2A

Ko+ c93 B3 = co3(Er + Ecorr) — Co3 =

NK?%,

Eur+ N Ko Coo = Eur +ECOTT - ECOT‘T — NCQQ Kio =
ECOT‘T —-2A
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Wrong scaling property of SD-CI

Solution of the quadratic equation

E2 .. —2AFEcy, —NK?% =0

Ecorr = A_\/A2‘|‘NK122 ~ \/N

Default of the size consistence !
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Wrong scaling property of SD-CI

Solution of the quadratic equation

E2 .. —2AFEcy, —NK?% =0

Ecorr = A_\/A2‘|‘NK122 ~ \/N

Default of the size consistence !
e Siegbahn’s correction

ECorr E— (1 — C(%)/C(% ECorr

P.E.M.Siegbahn, Chem.Phys.Lett., 55 (1978) 386
e Correction of Davidson and Silver

ECorr — (1 — Cg)/(QC(Q) — 1) ECorr

E.R.Davidson, D.W.Silver, Chem.Phys.Lett., 52 (1977) 403
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Wrong scaling property of SD-CI

Result for (H),, rings :

molecular case metal-like case

G—=oCISD
-0.013} |©—©CIsSD . E—1 Siegbahn

G—+1 Siegbahn -0.015® &— Silver 8

S—= Silver 0 A—A CEPA-0

A—ACEPA-0
AN AN
I T T
B B
5 s —0.017 .
c c
() (5]
c c
2 S
3 i ke
o o
5} S}
o o

-0.019 .
' -0.021
3 6
# hydrogen atoms # hydrogen atoms
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Size-consistent methods

CISD eigenvalue problem

(0

Hor

Hrr — Egr

A

Cr

\/

a

Cr

\:/



Size-consistent methods

Dressed CISD eigenvalue problem
(0 ... Hor ) (1) (1)
Hir — Fpr + A Cr CI
% AN \ i/

e A = E¢,.r decouples the equations: CEPA-O, too severe
e A should go toE .., asymptotically, but be zero for 2 electrons (Full CI'!)

2 : .
o ACPF:A = Fcopr (1 — N) Averaged Coupled Pair Functional
(N —2)(N —3) .
e AQCC:A = Fcorr NN — 1) Averaged Quadratic Coupled Cluster

e Self-consistent solution of the dressed equations
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Correlation energy / CCSD(T) in %

100

(o}
o

0]
o

70

Size-consistent methods

C2H4

(C2H2 C2M6

C3H8

&—2—% cH20 / cO

CH4

H2

LiH

1 |&—®CISD

+—+ ACPF
AQCC
MP2
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Perturbation theory

Decomposé in two parts

Eigenfunctions offf, known:

In particular

with the Hartree-Fock reference determinéit

But not necessarilyl, &, = Enr @

V small

Hy @,

Hy @

EY @,

E\Y &,
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Perturbation theory

e Introduce a parameterwith 0 < X < 1:

A

H()\) — [:IO + AV

e Parametrize the total energy and the wavefunction witththe Schrodinger
equation:
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Perturbation theory

Introduce a parameterwith 0 < \ < 1:

A

]?(A)::.ﬁb +'A(7

Parametrize the total energy and the wavefunction witththe Schrodinger
equation:

Develop in powers oA:

H=Hy +AV 5 [0)=> A gy o B =3 g
n=0 n=0

Develop|¥(™) in eigenfunctions off, (excited determinants):

Ty = 37 @) (@ T) = 37 ) [By)
k=1 k=1

Rayleigh-Schrodinger perturbation theory P, Reinhardt, UPMG, 2013 — p. 45/69



Perturbation theory

Schrodinger equatioH |V) = FEy |P) :

(ﬁo + AV) SO EMm) = f: A g™ i AF @ Ry
m=0 k=0

n=0
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Perturbation theory

Schrodinger equatioH |V) = FEy |P) :

(ﬁo + AV) STy = 37 am B ST AR [p®)
n=0 m=0 k=0
Energies:
E§Y = (0]V]|n—1)
Coefficients:
(n) _ (n)y 1
¢, = (Pr|TV) (k[V]In—1)

o E(gO) B E]i())

—Ec()l) c,gn_l) — E(SQ) cl(cn_Q) - ... - Eén_l)c,(:)
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Perturbation theory

Schrodinger equatioH |V) = FEy |P) :

(Ho+AV) 37 X o) = 37 xm g™ 5™ Nk [w®)
n=0 m=0 k=0

e We alwayshave

E + BV = (@0|Hy + V|®o) = (90|H|®o) = Enr

1

1

o) = (@l ¥Y) = G (kI [0)
0 o k

(0|V[k)*

B = (@0 |V |0 =
0 ZE(()O) B Elgo)

k0

<0
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Perturbation theory

BN = (®|V|®e) = (0]V]0)

G
EF = (@ |V[UD) = Y 0V —5-——5V10)
k+#0 EO - El-c

B = (@|V]E@)

1 I 1Y/
= v <o‘>>< ‘<o> v <o‘>><‘ w V10
k10 kg — Lk kg — L

_E(l)z< 0|V|7f>>2 W

0 0
2 \ B~ )

There is a systematic structure in the equations ...
e.g.2n + 1 rule:

E(3) (T v e®y — E(()l)<\11(1>\\11<1)>
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Mgller-Plesset perturbation theory

C.Mgiller, M.S.Plesset, Phys.Rev., 46 (1934) 618

What should we take for ﬁo 7

We know the eigenfunctions of the Fock operator: orbitals
We know the eigenvalues of these functions: orbital energies ¢;

H(): E GZCALICALZ

7
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Mgller-Plesset perturbation theory

C.Mgiller, M.S.Plesset, Phys.Rev., 46 (1934) 618

What should we take for ﬁo 7

We know the eigenfunctions of the Fock operator: orbitals
We know the eigenvalues of these functions: orbital energies ¢;

e Creation/destruction operators obey anti-commutator rules:

_l_

e Creation operators &Z-, destruction operators @;

e Definition for an antisymmetric wavefunction:

e Wavefunction is antisymmetric: the order of creation is important
ATAT__ATT TT ATT

° a;a; = —a;a;,or a;a; +a =0

e the same holds for the destructlon operators: a;(; = —Q;Q;

e \We may destroy an existing particle or hole and recreate it, or create a

non-existing particle or hole and destroy it: aTaZ + a;a AT =

P. Reinhardt, UPMC, 2013 — p. 48/69



Mgller-Plesset perturbation theory

C.Mgiller, M.S.Plesset, Phys.Rev., 46 (1934) 618

What should we take for ﬁo 7

We know the eigenfunctions of the Fock operator: orbitals
We know the eigenvalues of these functions: orbital energies ¢;

H(): E GZCALICALZ

7

Apply this to a Slater determinant : }AIO P, = Z € | Pr
i€occ(k)

Matrix element (O | V' | k ): k must be a di-excited determinant, otherwise zero.

(OIVIE) = (Do H[®F)— (0| Ho| ) = (0] H k)

\

~~

=0
= (ta|jb) — (ib|ja)ds,s,  bi-electronic integrals

P. Reinhardt, UPMC, 2013 — p. 48/69



Mgller-Plesset perturbation theory

Second-order energy:

E® = 37 (2(2aljb) — (iblja)) (ia|jb)

€, T € —€g — €
ijab v J a b

And higher-order formulas can be derived as well ... but becomie and more
complex
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Mgller-Plesset perturbation theory

Second-order energy:

per _  20lit) () Gl
ijab €; + €; — € — €p

And higher-order formulas can be derived as well ... but becomie and more
complex

(aljb)(ialjb) (aljb)(ib]ja)

€ T € — € — € € T € — €y — €

P. Reinhardt, UPMC, 2013 — p. 49/69



Summary

Development order-by-order to improweal energy
Straight-forward evaluation, term by term, diagram by caaqj
Only infinite ordersatisfies Schrddinger’s equation
Zeroth+first order is thélartree-Fock energy

1st-order wavefunctior— natural orbitals, density
Second-ordealways lowerghe total energy

Higher orders become rapidetyore and more complex

2n + 1 rule: EG™*+1 known from¥(™: 0 - 1,1 — 3,2 — 5

Commonly usedMP2, MP4
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Performance

105 _
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o
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Basis aug-cc-pvtz, fixed geometry
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Performance

Geometry parameters

molecule

Hartree-Fock
Ar(pm) Aang(deg.)

2nd order Mgller-Plesset
Ar(pm) Aang (deg.)

H,O
N2
CH,
CO
HF
NH5
P>
SO,

—1.7 +1.8
—-3.1
—0.5
—2.4
—1.8
—-1.4 +1.5
—3.6
—2.7 —1.3

+0.1 —0.4
+1.6
—0.1
+1.1
+0.5
0.0 +0.5
+3.4
+2.7 —1.1

Source: NIST databagg t p: / / www. ni st. org
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Vibrational constants, atomization energies

Performance

Hartree-Fock 2nd order Mgller-Plesset Experiment
molecule v at.ener. % at.ener. v at.ener.
(cm™1)  (kd/mol) | (cm™1) (kJ/mol) (cm™1)  (kJ/mol)
H>,O 4121 597 3821 917 3657 918
NP 2726 472 2187 952 2359 942
CH, 3147 1260 3069 1607 2917 1642
CO 2421 716 2110 1099 2170 1072
HF 4465 380 4125 576 4138 567
NH; 3686 754 3503 1128 3337 1158
Py 909 150 726 451 781 486
SO, 1371 393 1106 - 1151 1063

Source: NIST databage t p: / / www. ni st. org
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How much does it cost ?

e MP2: N° due to integral transformatioga3|yd) — (ia|jb)
e CISD: N°, form matrix element$ ®¢/ | H | ®¢7 )

e MP3: one iteration of CISD
e adding dressings to CISD: no additional cost
o MP4:
o exploit: (F} | H | ®5) = (®o | H | D57 )
o treatment of Singles, Doubles, and Quadruplesv®

e Triples: excitation sequence
(O|H|D)(D|H|T)T|H|D)(D|H|O)
(@S| H | ®5e ) = (abklm|H|ijcde) — N7

e for comparison: HF or DFF N3
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Coupled Cluster Theory

Finally the Coupled-Cluster ....

e \Wavefunction
U) = € |D)

e S excitation operator

T, = Zt““

T, = Zt“b al ala;a;  etc
17,ab

e Schrodinger’s equatiofl | V) = E | )
e Energy through projection againg,| or (®g|e—*

(Bole S HeS|®g) = (Do|He| Do)

— <(I)0‘6_SE€S‘(I)O> =FE =Fpr + ECOTT
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General approach
Projection ofe=5 HeS:

(D% e S He®|dy) = 0
(®¢7]e”"He®|®g) = 0 (2)

Exponential
A A ]_/\ 1/\
GS:1+S—|—§S2—|—653—|—

leads to the (exact) Baker-Campbell-Hausdorff expansion

e AN AN AN e 1 A A

e SHeS = H+[H, ST+ 114, 5],S]+6[[[H,5],S],§]+—[[[[H, 31,91, 9], 9]

Remains to inserf = 7} + T, regroup and evaluate.
We may use

e " He® = e iTafreit12 — =12 (6_T1H6T1> elz = ¢ 12 eff€T2
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General approach

Projection ofHe®:

A P A A A A A 1 A 1 A
(@7 | AT | 0y) = <<I>?IH(T1+T2+T1T2+§TE+ETE>\@o>

(@ [He" T2 |00) = (@|H (1+ T+ T+ TiTo+
1o lone 1oy 1oan 14
T2 TP, - T2 T3 T
‘|‘21‘|‘212‘|‘22‘|‘61‘|‘241’0>

Equation of degree 4 to solve, vitarative methods
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Continuing

Take only diexcitationstf = c¢¢!):

E = (®o|H|®o) + (Bo|HT,|®0) = Exp + » _ cr(®o|H| @)
1

N A 1 . A
(@18 (14 T+ 513 ) 00) = B (03| T3] %)

__ .ab
= ¢y

Look at the contributions frori, 7h| o) = 2 Y (ciV«cif) |25/
klcd
with all the possibilities

ab, cd o ab cd ab, cd
Cij *Cpr = G5 Ckl_<cz’j £Chy )

o ab _cd ab _cd ab _cd ac _bd ac _bd ac _bd
= G Cpp — Cip Cjp T Cyp Cj — G Cpp + Cip Cjp — Gy Cg,

ad bc ad bc ad bc cd ab cd _ab cd _ab
TCij Cri — Ci, Cji T Cip Cip + Cij Cpp — Cip Cjp + Gy Cjig,
bd ac bd ac bd ac bc ad bc ad bc .ad
—Cij Cpl T Cii Cjp — Cyp Cip 1 Cij Cpp — Cii Cjp + Cip Cj,

P. Reinhardt, UPMC, 2013 — p. 56/69



Continuing

Assembly :
ﬁoz + Z ﬁu cj+
J

+ > (Pr|H[Pry ) (cres — {erey))
J

- (EHF cr+ Y Hose CJ) = 0
J

A\ . 4
"

EC]

With (®; | H [ ®rhy) = (Do | H|Dy)

Z<¢]’[A{‘¢]+J>C]CJ — ZI:IOJC[CJ =0
J J

P. Reinhardt, UPMC, 2013 — p. 56/69



Continuing

Finally the equations to determine the coefficients :

Hor + <(I)I|IA{ — Egp|®r)cr + Z Hijey= ZI:[OJ (cr*cy)
J£I J

e Still quadratic in the coefficients
e Only di-excited determinants to consider
e We had for thevariationalCISD correlation energy:

EC’OTTZZCI<(I)O‘I:[‘(I)I>
1

e Equations ressemble the CISD equations!
e To be solved iteratively
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Including triple excitations

CCSD: only di-excited determinants needed

Cost as CISD or MP4 (SDQ)y N°

Triples may be important:
e Orbital corrections for di-excitations
e Much better performance for intermolecular interactions

Full triples step costs: N°®:
(ijkabelH|[lmnde f)

6 indicesijkabc and 2 differences— N°®
Needs much more memory for coefficien;tj%f, etc.

Perturbative treatment: straightforward, no need foatiens— CCSD(T)
as triples in MP4~ N7

Nowadays reference method for closed-shell systems

P. Reinhardt, UPMC, 2013 — p. 58/69



Example: NH;—NH;

NH3 — NH3
-31F .
: B-LYP
-33 | o .
T
E 35¢ .
c
2 B3LYP
8 -3.7 .
3} o}
£
5
2 -39 ° .
o
(i il CEPA-0 CCsb
! MP2 M\P4 SO T ACPF |
I (o) o0 l
~
~43 T  SAPT(hybrid) ]
: o CCSD(T) ]
-4.5

3.35 3.36 3.37 3.38 3.39 34 341 3.42 3.43
distance N — N (Angstram)
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Performance

Geometry parameters

Hartree-Fock MP2 CCSD(T)
molecule| Ar(pm) Aang() | Ar(pm) Aang() | Ar(pm) Aang()
H,O —1.7 +1.8 +0.1 —0.4 —0.1 —0.3
N —-3.1 +1.6 +0.6
CH, —0.5 —0.1 +0.3
CO —2.4 +1.1 +0.8
HF —1.8 +0.5 +0.4
NH3 —1.4 +1.5 0.0 +0.5 +2.3 —0.3
Py —3.6 +3.4 +2.3
SO, —2.7 —1.3 +2.7 —-1.1 +0.3 —-1.1

Source: NIST databagg t p: / / www. ni st. org
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Performance

Vibrational constants, atomization energies

2nd order Mgller-Plesset CCSD(T) Experiment
molecule v at.ener. v at.ener. v at.ener.
(cm™1) (kJ/mol) (cm™1)  (kd/mol) | (cm™!) (kJ/mol)
H>,O 3821 917 3811 899 3657 918
N 2187 952 2339 897 2359 942
CH, 3069 1607 3028 1617 2917 1642
CO 2110 1099 2144 1040 2170 1072
HF 4125 576 4128 557 4138 567
NH; 3503 1128 3464 1131 3337 1158
Py 726 451 768 437 781 486
SO, 1106 - 1136 968 1151 1063

Source: NIST databage t p: / / www. ni st. org
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Adding dynamical correlation to MCSCF

e Add excitations

SR } virtual

e

——
_1}7

RANYE } closed

VLA

active

T THL T

e CISD like in the mono-reference case
e Dressing techniques available: MR—CEPA, MR—ACPF, MR-AQCC
e Same size-consistence problems as for mono-reference case
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Adding dynamical correlation to MCSCF

Total energy (a.u.)

=75

—-75.2

—75.4

—-75.6

-75.8

—-76

-76.2

-76.4

—-76.6

-76.8

=77

H20 - symmetric bond stretching

== RHF
s MP2
MP4

== CCSD(T)

G—-=a CISD
o—eo MCSCF

e——o MR-ACPF

0.5

1.5

2

O - H distance (Angstr.)

2.5 3 3.5
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Range-separated DFT

e Common Kohn-Sham procedure

Fexact= minCI) {<(I)|T + Vne|q)> + Ehxc [77@]}

P. Reinhardt, UPMC, 2013 — p. 62/69



Range-separated DFT

e Range-separated hybrid approach (RSH):
ERM = ming {(®|T + Vhe + Wid®) + Eff [na]}

with long-range par{®|1W"|®) as Hartree term (electrostatics) and
Hartree-Fock exchange

P. Reinhardt, UPMC, 2013 — p. 62/69



Range-separated DFT

e Range-separated hybrid approach (RSH):

ERSH = minq) {<(I)|T —+ Vne -+ We|r8|q)> —+ Eﬁ;(c [nq)]}
Range separation via the error function and a parameter

1 1

—  =w,+ (— - wge) with wf, (ri;) = erf(uri;)/ri
Tij Tij

&)

1/x
erf(x)/x
erfc(x)/x

N w I
L] L]

-

Interaction (a.u)

o
|

o
=
N
of |
IN
Ul
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Range-separated DFT

Kohn-Sham-like RSH equations

(T + Vne‘|‘ VH + V;<Ir + K(Scr) |¢ZRSH> — € |¢ZRSH>

e Long-range HF exchange parf" (“erf” part of the e-e interaction)
e Specific short-range exchange and correlation functiongis.)

Total energyER>H does not include long-range correlation.

e Furnishes orbital energies
e Molecular orbitalsp;(T)
e Long-range correlation energy, e.g. MP2

2 (ia‘jb)lr, (2<m‘jb)lr, _(ib‘j@lr, )
E,EL,I)\/[PQ _ Z p© p p

€; T € — € — €p

1jab
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Range-separated DFT

0 \ -

s |

EKC‘
\ ong-rang EI—IF+Corr

e 1 =0 — standard Kohn-Sham theory

e 1 — 00 —— Hartree-Fock + correlation
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Range-separated DFT

e Asymptotic behaviour forr — 0: standard LDA or PBE functionals,
long-range exchange part exactly zero

e Functionals go to zero with — oo, andERSH — Epp

CH4 - basis Voisin

-39.8 . . . , . |
= -39.9
8
>
g 400 —— RSH-LDA
o | E(HF) =-39.914 a.u. il |
£ _01 E(LDA)= —39.822 a.u. |

E(PBE)= —-40.162 a.u.
-40.2 : ' : ' - I .
0 5 10 15 20

separation parameter mu (a.u.)
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Range-separated DFT

e Asymptotic behaviour forr — 0: standard LDA or PBE functionals,
long-range exchange part exactly zero

e Functionals go to zero with — oo, andERSH — Epp

total energy (a.u.)

-39.8

-39.9

-40.0

-40.1

-40.2

CH4 - basis Voisin

—— RSH-LDA
—— RSH-PBE 1
---- RSHLDA+CCSD(T)
- --- RSHPBE+CCSD(T)
- 10 15 20

separation parameter mu (a.u.)
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Expected advantages

e Computationally advantageous
o HF/DFT:~ N?3
o CCSD(T)~ N7
o RPA~ N* (dRPA); MP2~ N3; RPAX, CISD~ N

e long-range AQ integrals not numerous for smalbs well MO integrals

In localized orbitals

P. Reinhardt, UPMC, 2013 — p. 64/69



Expected advantages

Computationally advantageous

Should describe long-range correlation effects correctly
BSSE less important
Less basis set dependent than “standard methods”

P. Reinhardt, UPMC, 2013 — p. 64/69



Expected advantages

e Computationally advantageous

Interaction energy (kcal/mol)

4.0 —
35 [
3.0 |
25 |
20 |
15 [
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05 [

0.0 f

-0.5 }

-1.0 F

CH4-CH4 - basis Voisin

-1.5 L~

2.5

]
\
L}
]
]
\
]
]
]
\
L}
]
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\

—— CCSD(T)
—— LDA

dotted: without BSSE correction

Hartree—Fock ]

5.0 5.5
C-C distance (Angstrom)
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Expected advantages

Computationally advantageous

Should describe long-range correlation effects correctly
BSSE less important
Less basis set dependent than “standard methods”

Chooseu as small as possible

P. Reinhardt, UPMC, 2013 — p. 64/69



Long-range correlation, RPA

MP2, CISD, CCSD etC.Ec,.,. = Y 17 (0o H|D))
1jab
different classes of diexcitations

A B A B A B
Intra Dispersion Exchange

N

A B A B
Charge polarization BSSE
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Long-range correlation, RPA

En vogue: Random Phase Approximation (RPA)
e Coupling of singlet mono-excitations

e Equations from excited staté¥|[H, F]|V,) = AEy, (¥o|F|¥,) and

1 ab
Vg = P+ 1 Z Dia,jp P55

ta,jb

v, = > oy

1Q

e Ground state: ring-CCD equations, infinite summation of diragrams in
perturbation theory
e Different flavours tested and implemented recently

e Formulation via an adiabatic connection used here
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Long-range correlation, RPA

RPA, some elements:
e Matrix equations of type

1 [ o
Ecorr = 5 . Z(ZCLL]I))Z (P)\ac)z’a,jb dA
1a,7b
P.y = 2[(Ax—B)\)Y?*M; 24\ — By)Y? - 1]

with matricesA4, B and M

My = (Ayx— B\)Y2(Ax + B))(Ax — By)Y?
(AN)iajp = (RY|HA|PS) = Fapbij — Fijoap + 2A(1a|jb)" — A(ij|ab)"”
(Bh)iajo = (PolHA|RSY) = 2X(ialjb)" — A(ib|ja)""

e Dimension onlyn .. X nyirt.

e Energy through a linear functional in the amplitudes
e Correlation energy invariant to orbital rotations

e Size consistent
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Orbital localization

e SCF of monomers in monomer basis (canonical or localizediabsh
e Keep virtual orbitals
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Orbital localization

e SCF of monomers in the dimer basis
e Keep occupied orbitals

5
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Orbital localization

e Occupied orbitals : symmetrical orthogonalisatin'/?
e Occupied/virtual ones : projection

e Virtuals : symmetric orthogonalisaticsi /2
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Orbital localization

Multi-step localization without canonical orbitals: Suyelr
e CI of mono-excited determinants

SCF iterations
1. Guesorbitals
2. Orthogonalizatiowia s—1/2
3. Construction of th&ockmatrix, total energy, convergency ?
4. Approximate Singles-Cl matri>(,<I>g”]H|<I>§?> ~ Fopdij — Fijoap
Best wavefunction ¥ = &, + » . ¢/ d¢
5. Correction to first order of therbitalsthrough the CI coefficients

¢ = i+ )y clda (3)

By = Ga— Y Cioi (@)

1

6. Backto step 2
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Dispersion-only approximation

Three possibilities:
1. RPA calculation for dimer and monomers, difference;:

AECO’)"T — ECOTT, multimer — ECOTT, monomers

2. Only the dispersion component of the dimer RPA calcufatio

AEcorr = Z tgbjb<q)0‘ﬁ’q)%b>

Disp.

3. Include only intra and dispersion interactions in the RPA

Wt

A B A B A B
Intra Intra Dispersior
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Dispersion-only approximation

u = 0.5a.u.

o
-\I

)
&»

Ir-RPAXx-I energy (mH)
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Dispersion-only approximation

As a function of the separation parameter

IrRPAXx-1 energy (mH)

0.8

-1.2

CH4--CH4

dimer (disp) —A—
dimer (disp*)

interaction - @ |

0.1

0.2

03 04

0.5

0.6

07 08 09

range separation parameter
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Dispersion-only approximation

u = 0.5a.u.

R
=

N
w
|

N S RO
o = N
1

Ir-RPAXx-I energy (mH)

ug
w
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Dispersion-only approximation

As a function of the separation parameter

00 T T T T T | ' !
’:E all, without BSSE correction
E 05F all, with CP correction |
C .
O — Disperson of all
Q —— Dispersion only
o
c -10 7
e}
0
x
E A
15| 74; 1
_20 1 | L | 2 | 2 | )
0 1 2 3 4 5

Range Separation parameter mu (a.u.)
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More extreme: NH; ...H,O

Repulsive correlation contribution: monomer correlatiger than in the dimer
due to polarization

+

unperturbed density

+

polarized density

However, dispersion is ALWAYS attractive
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More extreme: NH; ...H,O

Correlation contribution to the interaction energy
1 — oo, I.e. Hartree-Fock wavefunction

pOSItIVG
1.0 —
: P A
- |O—O CCSD(T) D
0.5 [ |O—OMP2
’I" i
£
= 00 H ]
S
g
5 ~0.5 y
=
= 10 H oo
o
O
-15 | .
2.5 3.0 3.5 4.0 negatlve

N — O distance (Angstrom)
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Corr. to Interaction (mH)

More extreme: NH; ...H,O

Repulsive correlation contribution = 3.5 A)

0.5_"'.111."'.
I —— IrCCSD(T)
0.3 - — |IrMP2
— IrRPAX-I

O—-O IrRPAX-I/Dispersion
+—— Dispersion only

—
=

|
I
=

|
i
w

|
o
&

| | 1 1 1 |

0.2 0.4 0.6 0.8 1.0 1.2 1.4
range separation parameter mu (a.u.)

|
o
\l

o
O T T T
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