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Organisation

Wednesday 3 h lecture + 3 h application; Thursday + 3 h practical work; Friday 3
h lecture
e Schrodinger’s equation and simple systems
e Bohr model
e 1D box, harmonic oscillator

e Hydrogen atom and orbitals

e polyelectronic systems
e Simplified models: LCAQO, hybrids, Hiickel theory
e Wavefunctions: Slater determinants
e Hartree-Fock

e Atomic basis functions

e Bond breaking: Configuration Interaction, multi-determinantal
wavefunctions

e Dynamical correlation: DFT, CI, perturbation, Coupled-Cluster

e [ocalized orbitals: what changes?



Organisation

e Applications, wednesday afternoon
o Slater rules, Hartree-Fock calculations, bond breaking

e some calculations with commercial programs, Gaussian, Molpro,
GAMESS, Dalton

All this for calculating the dissociation energy of the F» molecule.

e Practical work Thursday afternoon
e NCI - non-covalent interactions
e Mathematics with Mathematica



Spectroscopy

Hydrogen spectrum in the sun light - Joseph Fraunhofer
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German stamp, 1987



Spectroscopy

Flame coloration from atomic spectra



Spectroscopy

Atomic emission spectra, helping to identify elements
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Spectroscopy

Identification of radium, 1898

Fig. 92. — Apparail de
N. Demarcay pour pro-
duire les spectres élec-
trigues,




Bohr model and Schrodinger’s equation

e
a
\ V' dv

dv/2=v sin@ /2)

vdt/2 =dr/2 =rsin( /2)
F=mdv/dt=mv/r



Bohr model and Schrodinger’s equation
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e Works for the hydrogen atom and nothing else ...



Bohr model and Schrodinger’s equation

Photoelectric effect shows for light quanta of energy:

_hc
2

E=hv

e Compton scattering confirms the equivalence of light and matter.
e Heisenberg: 2-index quantities needed for describing energy differences

e Schrodinger: one differential equation with a Hamilton operator

P )
R
o

with |¥|? as probability distribution to find a particle in space and time.

e Time-independent problem: ¥ = E ¥ with total energy E.

e No movement, but average over many experiments to localize a particle
(e.g. photographic film)

e Average over operator: £ = (V| H|¥)



Bohr model and Schrodinger’s equation

Contributions to the Hamiltonian:
e Kinetic energy p?/(2m) of each particle, with p = —iiV
e Potential energy: electrostatics
e External fields: electromagnetic waves, static fields

Solve thus Schrodinger’s equations for many particles
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Simple systems, atoms, molecules, solids

— physics and chemistry through mathematics



Simple systems

1D rectangular potential:

{o for0 < x < L

00 otherwise
e Solve
K% 02
- V¥ = EY

with boundary conditions W(0) = W(L) =0

e Unique solution:
[2
Y,.(x) = 7 sin %

with prefactor to respect fOL P, (x)]?dx = 1.

nh?
8mL?

e Applications: dyes, acid-base indicators, nano-structured lasers

L
e Energy E, = (¥, |H|¥P,) = / ¥, (x)HY, (x)dx =
0



Simple systems

Harmonic oscillator:
e Potential: V(r) = %kx2 from Hooke’s law F(x — xp) = —k(x — xp)

e Solve

——— + —kx )‘P(x) E ¥Y(x)

with reduced mass u

e Solution in two steps (@ = \/uw/h, w =\ k/ p):

2
e x — oo: ¥Y(x)~ e

e Correction as polynomial in x:

W,(x) = ,/\7% ( \/217,) Hy(ax)e 3"

e Energy levels £, = liw (n + %)

e Application: vibrational spectroscopy (IR, RAMAN)



Simple systems

Harmonic oscillator:
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Simple systems

Hydrogen atom:

Potential: V(r) = —1/r spherically symmetric
Spherical harmonics Yz, (6, ¢) solution of
L? Y (6, ¢) = (€ + 1) Yo (6, ¢)

. : . _ 1029 L®
Laplacian in spherical co-ordinates A = = 5-(r"57) + =

Hamiltonian in spherical co-ordinates:
y_ 1 1 _ L2 1
H=-35A-_= 2ar(r )+ — =

r r

Look for solution for the radial part (1D differential equation), in three
steps p = r/n:

o r— 00 pR(p)~eP; r—0: pR(p) ~ pHe™”
e Complete solution R,,¢(p) = ngLfLi}l(p)p e~ with associated

Laguerre polynormals L%+1 ().

1

o Energy: £ = — as in the simple Bohr model.

Degeneracy n? via f = O,. ..,n—land m = —¢,...,{ values of secondary
and magnetic quantum numbers.



Simple systems

Hydrogen atom: Laguerre polynomials

o g
L (x)= T

—-X . n+«
n! dx [e ]

X

Hydrogenic functions

\Pnfm(r’ 9’ ¢) — Rnf(r) Yfm(e’ ¢)

2r\ 2r
Rae) =N [ 2] 12032, (2] o

e (lassification: £ =0 — s, {=1—>p,{=2—>d,{=3—f

e Spherical harmonics Y, complex, real combinations, multiplied with r¢ =
real solid harmonics = Yz,,, + Yo, —1(Yer — Ye—im)

e 1,x,x,vy,2, Xxy,Xx2, V2, x% - yz, 372 —r2, ...

1
2

=

e Energy levels depend only on n: E,, = —



Simple systems

Hydrogen atom: radial densities r>R?(r)
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Complete treatment

Simple systems

7= | 00361 (Feinstruktur)

»N=2

345,
I 3p3, 3dY,
01082 { §0,0105 351,
- f 3pYe
o
1
ca.2evs gg §§
r 2p¥,
0,3652
(4,5-1075eV) ;
Fein-
struktur i
0,0353 (4,4-10"6eV)
| Lamb shift ‘ 257,
_— eps
? Termschema
Spektrum

Spin—0rbit coupling: fine structure
Relativistic effects: LS —> J
Quantum electrodynamics: Lamb shift

Hyperfine structure (spin—spin coupling)

Th. Mayer—Kuckuk, Atomphysik
Teubner, 1986

Small corrections, but all visible and understood for the hydrogen atom.



Working with atomic orbitals

e Multi-electron system (atom) may be described by hydrogen-like orbitals

e Diatomics: combine atomic orbitals of same symmetry and near energy to
molecular orbitals with simple rules: correlation diagrams

\E \E \E
o — 0

R s LU

S =0

H—e st e s

st B0 s |wbe OO0 Hes|sbe B0 Hos
IC=C]| IN=N] {0=0

e Bonding, anti-bonding and non-bondig orbitals, stability of diatomics

e Spin ground states, reactivity



Working with atomic orbitals

Works even for solids, TiO,

2t,.* |
g ‘ ) T1 s,p, Ti-O antiliantes
281;
4p i e , ..
— e, 11-O antiliantes
2e -
4s e
- It,,
—— LAV [ > tzg, T1-O non liantes
%d 1tlu ¢
. d 60(2s,2p) ) O 2p, Ti-O liantes
T I,
- : ‘: O 2s
lalg
OM octaédre TiO, Structure de bandes attendues

Diagram: Monica Calatayud, LCT, after R. Hoffmann, Solids and surfaces,
Wiley-VCH, 1989



Working with atomic orbitals

More than 2 centers: hybridization of atomic orbitals

()

C

Series sp, sp?, sp° for describing H-C=C-H, H,C=CH,, H3;C—CHj3

¢", = sxp; sp hybrid

¢3 = Px
¢4:py



Working with atomic orbitals

Triangular situation: sp? hybrids

| \F _—
— S+ /[ =Px sp” hybrid
V6 3

1 1 1
— S — — Dx * —PDy sp” hybrid

V3 W6 2

Pz

Tetrahedral situation (4 bonds)

¢34 =

1

12 = = (S + Dx ipyipz)

2

1
5 (S_pxipyipz)

Very idealized situations — qualitatively correct, intuitive chemistry



Working with atomic orbitals

Bond lengths may as well be explained with sp> hybrids only

>\ vath < Single bond 154 pm

Double bond 133 pm
W@— Triple bond 121 pm

Fig. 109. Double bonds as bent sigma bonds.

H.J. Bernstein, J].Chem.Phys., 15 (1947) 284, 339, 688



The variational principle

Theorem: any approximate (normalized) wavefunction for the ground state of the

Hamiltonian H is higher in energy than the true ground state ¥ :
<LPappr0x|[_AI|LPappr0x> > <T0|ﬁ|‘{’0> = Ey

with H Yo) = Epy|¥o)
Proof: H is hermitian, thus

e the eigenvalues of H are real.
e the eigenvectors of H are orthogonal.

e any approximate wavefunction can be expressed in the eigenfunctions of A

Eapprox - <LPappr0x|H|‘Pappr0x>

= Y HO|H|0;) = ) T E 2 Ey ) ¢} =Ey
I

l l

P. Reinhardt, Sorbonne, 2018 — p. 10



Hickel theory

Ernst Hiickel, 1930: admit a simple
e product wavefunction ¥ = ¢;(1)$>(2) ... ¢,(n) and an

e one-electron Hamiltonian A = le + }Azz + o }Azn acting on electrons 1 .. .n.

If
h¢i(@) = € ¢i(D)
then

AWy =) h

[

') =

Za‘

[

'¥) = E|Y)

satisfying Schrodinger’s equation.
e Valence atomic orbitals y (or only & system) for each atom
e On-site interaction { yo|/|yve) =a <0

e Next-neighbour interaction (o || xg)=b<0
e Overlap zero between different atoms

e Parametrized matrix elements



Hickel theory

How to satisfy /1 ¢;(t) = € ¢;()?
Develop into the atomic basis functions

h zz:cauxa(f) = QTZE:CWLVyﬁa

Y

D cai uplhlxa) = & ) ey usliy)

=hay =0py
:E:‘haycai = € Gy
a

Simple eigenvalue problem



Hickel theory

Example butadiene CH,=CH-CH=CH:

(a b 0 0
P _|ba b0
0 b a b
\0 0 b a

e 4 cigenvalues % (2a + b+ \/319)

e Corresponding eigenvectors: + ++ +, + +- -, + - -+, + - + -

e 4 i electrons to be inserted into the two lowest orbitals

et e

a+162b a+0.62b a-0.62b a-162b




Hickel theory

Example cyclo-butadiene -CH=CH-CH=CH-:

(a b 0 b
P _|ba b0
0 b a b
\b 0 b a

e 3 different eigenvalues a — 2b, a, a, a + 2b

a+2b a a

e Where to put the 4 electrons ? Unstable molecule.

e 4n + 2 rule for cyclic hydrocarbons.



Many-electron wavefunctions

Many-electron systems: atomic Hamiltonian

(575

Wavefunction contains as well spin W(71,7, . . ., 7, 51,52, . . ., S,)

ll]l+1

e Should be antisymmetric

Y((71,51),(r2,52),...) = =P((72,52),(F1,51),...)

e Electron density

o(F) = n // Y7 T, ..., T)|> d°r
—— e ——

3n-3 integrals



Many-electron wavefunctions

Case of 2 electrons, same spatial orbital ¢, different spins:

W51, s2) = ¢(71)¢(?2)%[w(81),3(82)—a(S2),3(S1)]
= Og(r,12) X Oa(sy,52)

Energy depends only on the spatial part

(DsOA|H|DsO4) = (Dg|H|Ds) X (04]0,) = (Os|H|Ds)



Many-electron wavefunctions

Two different orbitals, two different spins

WL (7, 51,72, 52) = Dg(F1,T2) X Oa(sy, 52)

= [¢1(F1)pa2(r2) + d1(F)2(r1)] [a(s1)B(s2) — a(s2)B(s1)] /2

Other possibility

Y (7L s1,7,52) = [91(F)ga(Fa) — ¢a(F1)d1 ()] a(st)a(sz)
= O4(T),12) X Og(s1, 52)

3 possibilities for symmetric spin parts

1
V2

Conclusion: one singlet wavefunction, 3 triplet wavefunctions, different in
energy, even with equal orbitals.

(a(s1)B(s2) + B(s1)a(s2)) B(s1)B(s2)

a(sy)a(s?)



Many-electron wavefunctions

General case with more than 2 electron: Slater determinant (J.C. Slater 1929)

o1(F)oi(s1) ... ¢1(Fa)oi(sn)

‘{’(?1-°-,?n,sl...sn) -

Vn!

¢n(’71)0-n(51) e ¢n(’7n)0-n(sn)

Completely antisymmetric upon exchange of electrons



Many-electron wavefunctions

General case with more than 2 electron: Slater determinant (J.C. Slater 1929)

o1(F)oi(s1) ... ¢1(Fa)oi(sn)

¢n(’71)0-n(51) e ¢n(’7n)0-n(5n)

Completely antisymmetric upon exchange of electrons
The triplet wavefunctions (un-normalized)

il \iﬁ 61(D$2(2) - d2(D1 )] a(Da(2)
_ 1L ee) w@e@)|_
V3 62(Da() 622002)
a1 s e@pe)| -
o = ) ep)| " 101




Many-electron wavefunctions

However:

1 _ _ _ _

Y. ; = 5 (@102 + D102 — P21 — h2b1)

1je1(1)  ¢1(2) $1(1)  ¢1(2)
2 |¢a(1)  ¢2(2) ¢2(1)  $2(2)
1 _ _ _ _

Y5 = 3 (P12 — P12 + P201 — h21)

L) @) 1) ¢1(2)
2 1ga(l) $2(2)] 2 |pa(1) ¢2(2)

Ll 1
V2

> (lo12) + |d102))

= L 6162) = 16162)
\/i 192 192

Two determinants necessary
Single-determinant situations:

e Closed-shell systems (for every occupied ¢ there is an occupied ¢)

e High-spin systems (singly occupied orbitals have all the same spin)

e Combinations of both: [1122...556879)

P. Reinhardt, Sorbonne, 2018 — p. 14



Calculate with Slater determinants

“Problem”: how to calculate for instance a total energy E = (¥|H V) or only

H'¥) when ¥ is a Slaterdeterminant

o1(F1) ¢1(r) ... @1(rn)
1 : . : o

P = - - =122

V@) ¢, (71) oo Pn(Fon)
dn(F1) oo Bu(Pn)

and H the molecular Hamilton operator

ﬁzz(_%Ai_Z R

[

Z |rl —I']|

_rl i<j

with a one-electron part and a two-electron part



Calculate with Slater determinants
One-electron operator O = Z?fl hy:

(1122...i...n0|01|1122...j .. .ni)

1
= det det
N——

(2n)! terms (2n)! terms

2n terms

_ (2n)'/ /f(l,rz .Tan) (Z h(k)) gFLTa. . . Ton) dry ... d 1y

= (Gl G111} ... (Bilhlg;) ... (buln)(Pnldn)
= (gilhlg))

e as each of the (2n)! terms has to appear in the same ordering on the left and
on the right,

e as each of 2n operators acts equally on each electron,

e as the integration factorizes,

e as orbitals are orthogonal, e.g. (¢1|7|¢1) ... (#i|d;) ... {Dn|dn) =0



Calculate with Slater determinants

One-electron operator O; = Y. h;, other cases

(1122 ..i...k...na|Oy|1122...j...€...n0) = 0
(1122...i...na|O|1122...j...nity = {¢;|h|®;)
n

(1122...ndl| 041122y = 2 > (¢ilhlgi)
i=1

Useful:

e Hartree-Fock energy:

Enp=2 ) (pilhlg:)+ > (QUiljj) - Gjlji)

LEoCC. l,] €occ.

e Fock matrix

Fyj =(gilhlg)) + > (2(ijlkk) = (ik]kj)

keocc.



Calculate with Slater determinants

Two-electron operator Or = Y. i &ij

(1122...0...j...k...na|Ox|1122...p...q...
(1122...0...]...n0|05|1122...p...

(1122...0...j...nA|05|1122...p. ..

..nny = 0
conn)y = {$idil8ldpdy)

c.nn)y = {¢idil8ldpdy)
—(0id;|8ldgPp)

RN RN

(122 i nlOa[1122. . pi ity = 3" 24l @lodp) — (dudil@ldpdi)

k+#i

+(Pi ;i |8|Dp i)

N

(1122...nii|0,|1122 . . . nit) = 2(p:p;1810ip;) — (i |8|p;di)
i=1 j=1

Slater-Condon rules (J.C. Slater, Phys.Rev., 34 (1929) 1293; E.U. Condon,
Phys.Rev., 36 (1930) 1121)



Calculate with Slater determinants

Integral notations:

e Physicists:

e

1
(Pidj|—|dxde) = /
12

d3r1d3r2

/ ¢i(t1)9;(T2)pr (T1)pe(12)

T — 15|

e Chemists:

d3r1d3r2

(mkf)://¢i@1)¢j@1)¢k@)¢f@)

¥ — 12
e Symmetry:

(ij1k£) (jilkt) = (jiltk) = (ij|Ck)

(ktlij) = (Cklij) = (Ck|ji) = (kC|ji)



Hartree-Fock equations

Total energy for one single determinant (closed shell case):

E = 2 ) hat p, (iljj)=Gjlij)

LEoCC. l,] €occ.

1
= Z Paﬁhaﬁ + Z Z Pa,B Z Pyé (2(&’,8|j/5) - (aélyﬁ))
a,ﬁ aaﬁ ’)/,6

o Density matrix Pog =2 ) icoce. Cai Cpi 1n a (finite) basis
¢l(?) = Za Cai)(a(?)-

e We have to derive E wrt the c,; under the condition

0ij = (dilg;) = Z Cai CBj Sap
af

Zpaﬁh aB = 4C)/lhy7/+2 ZCﬁlhﬁVJrzZCﬁ’ ﬁ 4ZCﬁlh)’,3

Ocyi By By



Hartree-Fock equations

Lagrange multipliers € :

L =F- 426,](2 CaiCBjSaB — 61])

leads to equations

0
0 = G L
= 4 Z Cpi (haﬁ + Z Pys (2(aplyd) — (a6 I%B))) —4 Z Z €ij CBj Sap
B % i B

Fock matrix Fopg



Hartree-Fock equations

In matrix form:

or

FC =S8Ce

F¢; = Zéij¢j

J

beyond the limitations of a (finite) basis set to express molecular orbitals ¢;

Self-consistent (F' contains the occupied orbitals ¢;) eigenvalue problem

Orbitals for lowest energy within single-determinant wavefunction

Unitary rotations (U' = U~!) within the occupied or the virtual orbital
space do not change the energy of wavefunction.

Transform orbitals for € diagonal: canonical orbitals

F¢; = €,

Brillouin’s theorem: occupied and virtual orbital do not mix: F;, = 0 for
any set of Hartree-Fock orbitals (canonical or not).



Hartree-Fock equations

Where does Brillouin’s theorem come from?
o Total energy: E = ) ic o0 hii + fii
e Trace of a symmetric matrix invariant upon unitary transformations
e Here: as well part of the trace invariant

e No mixing of occupied and virtual orbitals allowed
e Thus

F¢; = Z €j 9j

Féa

Il
M
5
-
>

e Fock matrix in molecular orbitals is block-diagonal, block occ-virt is
strictly zero.



Basis sets

Hydrogen atom: spans not all possible space of one-electron functions.

e Nodeless Slater functions

ST (r,0,0:0) = Yen(0,0) X 1" x e BT C<n—1

e (Gaussian functions
2

GTF(r 0,0;a) = Yp(0,0) X rlx e @’

Why Gaussians ? Try to calculate a four-center bielectronic integral

e~ [F1—R4 | e P F'1-Rp |e—Y|?2—Rc P [’,-Rp | ; ,
= = d Fld &)
r] — 12|

Possible with Gaussians due to product formula
e—aG—ﬁA)ze—bG—ﬁB 2 _ e—%(fh\—ﬁg )26—(a+b)(— aRA+bRB )2

transforming a 4-center integral into a 2-center integral.



Basis sets

e Minimal basis sets: for each atomic occupied level a set of basis functions
(H 1s, C 1s2s2p, Ti 1s252p3s53p3d4as etc.)

e Split-valence basis sets: multiple basis functions for each valence orbital
(6-31G, double or triple £ etc.)

e Even-tempered basis sets: Gaussian exponents obey geometrical law
@ =g X 1!

e add polarization functions of higher angular momentum

e add diffuse functions with small exponents for bond formation

e add correlation functions

°* ... toward complete basis set.
Basis set libraries: https://bse.pnl.gov/bse/portal Basis Set Exchange
with ~ 500 basis sets.

e Nearly every quantum chemistry program has its library



Basis set extrapolations

e [arger basis set = lower energy
e Hartree-Fock limit: still 1 determinant

e Systematic constructions ?
Example: He atom in series of basis sets aug-cc-pvXz, X=2..6

X HF energy (a.u.) correlated energy (Full CI, a.u.) # basis functions

2 —2.855704 —2.88955 11
3 —2.861183 —2.90060 28
4 —2.861522 —-2.90253 58
5 —2.861627 —-2.90320 108
6 —2.861673 —2.90346 186

Extrapolation: empirically E(X) = A + %

3

E(e0) = A=E(X) = 5

(E(X) - E(Y))



Basis set extrapolations

e [arger basis set = lower energy
e Hartree-Fock limit: still 1 determinant

e Systematic constructions ?
Example: He atom in series of basis sets aug-cc-pvXz, X=2..6

X HF energy (a.u.) correlated energy (Full CI, a.u.) # basis functions

2 —2.855704 —2.88955 11
3 —2.861183 —2.90060 28
4 —2.861522 —2.90253 58
5 —2.861627 —2.90320 108
6 —2.861673 —2.90346 186
Extrapolation
A B
HF —2.86228 0.0509344

Full C -2.90431 0.1168



Marenostrum Computer Center, Barcelona
P. Reinhardt, Sorbonne, 2018 — p. 20



What do we have already: Hartree-Fock

Closed-shell systems
At disposition

e Molecular orbitals — density, multipolar moments

e Orbital energies — 10nization potentials, excitation energies, band
structures

e Total energy — geometry, dissociation energies, vibrational and rotational
constants, IR spectra, polarizabilities, thermochemistry



What do we have already: Hartree-Fock

Closed-shell systems

At disposition

Molecular orbitals — density, multipolar moments

Orbital energies — 1onization potentials, excitation energies, band
structures

Total energy — geometry, dissociation energies, vibrational and rotational
constants, IR spectra, polarizabilities, thermochemistry

How do they perform?

Good geometries, slightly too short bond lengths
Good 1onization potentials (Koopmans theorem)
Bad binding energies (50 % of experimental values)
Bad vibrational frequencies (much too high)

Incapable to dissociate closed-shell systems continously into two separated
open-shell systems

Only high-spin states possible, no open-shell singlet for instance



Bond dissociation

Calculation for H; in a minimal basis for different bond lengths

O = SA + 5B O = SA—SB

e Equilibrium distance:
e Hartree-Fock |®g) = |o0)

o 2-determinant wavefunction: |¥) = V1 —€?|ocd) + €|oc*d™")
Long distance:

¥) = a|lod) + blo*F*) with |a| ~ |b| ~ 1/V2

in order to have |s45g) + |sp54) without the ionic configurations |sA54)
and|sB§B)



Total energy (a.u.)

—-0.7 Bl
-0.8
-0.9
o]
-1.1 -

-1.2

Bond dissociation

H2 in a minimal Slater basis, optimal exponent

Hartree—Fock
Full CI
experiment




Bond dissociation

Hartree-Fock:

o(l) o@)| |(sa+se)l) (sa+sB)(2)
o(l) @) |[(5a+5e)l) (5a+35B)(2)
= |saSa) +|spSp) + [saSB) + |sBSa)

¥ =

Two regimes of deviation from experiment:
e R =~ R.,: small, but significant contribution, dynamical electron correlation
e R — o0: ¢y = c1, nondynamical electron correlation
e Electron correlation = insufficiency of “1 electron = 1 orbital”

Definition of the correlation energy
EC orr — E - EH F

Two common approaches to dynamical correlation:
1. Perturbation theory
2. Configuration Interaction

and Density Functional Theory



Electron Correlation

Treat it in a mixed order:
e Configuration Interaction

e MCSCEF and bond breaking

e Dynamical correlation
e Configuration Interaction of Single and Double excitations
e Perturbation theory

e Coupled-Cluster Theory

P. Reinhardt, Sorbonne, 2018 — p. 23



Configuration interaction

e Add additional determinants

‘P=cO<Do+Z cr O;
I

e Minimize the total energy under the constraint (¥|¥) = 1:

coDo + Z CJ(DJ>
J

L{crh; ) = E({er}) — A YY) - 1)

e System of linear equations

H

E({cr}) = <Coq)o + Z c1 P
T

OL({cr}; ) _0- 0L({cr}; ) _

: 0
(9C1 01



Configuration interaction

Written as matrix equation:

((OIH|0) ... (O[HII) ... '\ [co) (co\

<0|ﬁ|J> Y1) : (T N c, c}
\ ) \:) \ )

Identify A with the total energy from the functional:

E({cr}) = ZCI ZCJ<(D1|PAI|(DJ> =4 Z c;j =2
1

1 J

~

Z/lC]



Configuration interaction
Substract Egr = (Og|H|Dg) from the diagonal:
[0 . (O[H[I) ...\ [co) (o)

. . 1] _ Ecorr .
<O|H|1> <I|H|I>—EHF Cr CJ

\ J 5 |-/

e Intermediate norm (co = 1):

Erorar = (@ |H|¥) = Eup + ) ¢/ (0|H|®)
I+#0

ECorr :Z CI<O|H|(DI>
I1+#0

e The correlation energy is entirely determined by the coefficients of the
di-excitations



MCSCF: general considerations

Few electrons in a few orbitals to consider

e H->O: 4 electrons in 4 orbitals to start with

f o H
H jﬁb i %J] i

e Better: 8 electrons in 6 orbitals (s on H, 2sp on O)

e Full CI in this subspace



MCSCF: general considerations

Few electrons in a few orbitals to consider

e H->O: 4 electrons in 4 orbitals to start with

e Better: 8 electrons in 6 orbitals (s on H, 2sp on O)

e Full CI in this subspace

Other example:

e Triple bond in Nj3: 6 electrons of the 14 possible in 6 atomic 2p orbitals
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MCSCF: general considerations

Few electrons in a few orbitals to consider

e H->O: 4 electrons in 4 orbitals to start with

e Better: 8 electrons in 6 orbitals (s on H, 2sp on O)

e Full CI in this subspace

Other example:

e Triple bond in Nj3: 6 electrons of the 14 possible in 6 atomic 2p orbitals
N, ('£}) — 2N(*S)

n
N —H—nN RN TN
\_iy '\ % N % N '\\\\ \%\I_\{ ,% /Il'

Need for multiconfigurational wavefunctions

Non-dynamical correlation




General considerations

2 ingredients needed:
e Where to look for orbitals?
e Which determinants to take?
Hartree-Fock orbitals optimized for one single determinant.
e Average over different occupations?
e But how to treat open-shell determinants? No spin eigenfunctions!

Simultaneous optimization of orbitals and wavefunctions:

Multiconfigurational Self-Consistent Field
MCSCF)

P. Reinhardt, Sorbonne, 2018 — p. 26



Super-CI method

Alternative to the diagonalization of the Fock matrix

I.

Starting orbitals

2. Orthonormalize the orbitals
3.
4

. Construct CI matrix of single excitations

Construct Fock matrix, calculate total energy

<(I)la|[f]|(1)§9> ~ Fabéij - Fij6ab

Use the CI coefficients of

¥) = |<I>o>+—Z (199) + |o%)

to correct the orbitals (occupied and virtual ones) through

=G+ lbai  GL=da— Y o

[

Go to step



Super-CI method

If canonical orbitals are required, then diagonalize once the converged Fock
matrix

e Orbitals change through mono-excitations

e Spin-adapted excitation operator

B = i(aﬁ Gio+al a-)
ia \/z a,a%l,a a,B 1,0
. 1 _
Eral®o) = — (10f) +]0D))
\/z i
W)y = (1+ZC,-aEia @p)

e Convergence achieved if Brillouin’s theorem is satisfied
(©o|H|Df) = Fiy — 0

or total energy changes smaller than a given threshold



Super-CI method

If canonical orbitals are required, then diagonalize once the converged Fock
matrix

e Orbitals change through mono-excitations
e Spin-adapted excitation operator
e Creation/destruction operators obey anti-commutator rules:

Creation operators &Z, destruction operators d;
Definition for an antisymmetric wavefunction:

&i|n1...ni...) = (—1)Zk<inkni|l’l1...0i...> :9in,- |n101

allng...omi..y = 6;(1—n)lm...1;...)

Wavetunction is antisymmetric: the order of creation is important

aal=-alal, or aTaT + aTaJr 0
z ] ] l J J
the same holds for the destruction operators: d;d; = —d;d;

We may destroy an existing particle or hole and recreate it, or
create a non-existing particle or hole and destroy it:

ala; +a;al =1



Super-CI method

If canonical orbitals are required, then diagonalize once the converged Fock
matrix

e Orbitals change through mono-excitations

e Spin-adapted excitation operator

B = i(aﬁ Gio+al a-)
ia \/z a,a%l,a a,B 1,0
. 1 _
Eral®o) = — (10f) +]0D))
\/z i
W)y = (1+ZC,-aEia @p)

e Convergence achieved if Brillouin’s theorem is satisfied
(©o|H|Df) = Fiy — 0

or total energy changes smaller than a given threshold



Generalization

Matrix elements between determinants |®,,) and |®,,)

e Monoelectronic operator /:

(D | 1| Dy ) D hij{ @ | Eij | @, )

ij

_ . mn

= ) hi D]
ij

e Bi-electronic operator G:

A 1 A A A
(OGO = = ) i O | EijErs = SjuEir | O )
ijkl

_ § mn
- 8ijkl Pijkl
iLj



Generalization

W) = [Do)+ ) cn|Dy)
n
e First-order density matrix (or 1-particle density matrix)

Dij = <“P|El]|‘“}’>: C:;,lCnD:-?n

mn

e Second-order density matrix (or 2-particle density matrix)

1 nl A " *
Pijri = 5(‘1’ | EijEx — 0 Eu |'V) = Z CmCn Py
mn



Generalization

W) = [Do)+ ) cn|Dy)
n
First-order density matrix (or 1-particle density matrix)

Dij = <\P|EZJ|LP>: CZ,lCnDZ-m

mn

Second-order density matrix (or 2-particle density matrix)
1 al " *
Pijri = 5(‘1’ | EijEx — 0B |¥) = Z CmCn Piig
mn

Total energy

Eor = (‘Plﬁl‘P) = Zhij D;; + Zgijklpijkl
i ijkl

h;; and g;;x; depend only on the molecular orbitals

D;; and P;;r; depend only on the wavefunction expansion coefficients c,,.



Density matrices

Hartree-Fock:

Epyrp =2 Z hi; + Z 2(ii|jj) — @jlji)

LEOCC ljEocCC

fits in the same expression as above with the density matrices

D - 2 1=7];1€occ.
Y 0 otherwise

2 i=j,k=11i#k;all € occ.

1 i=j=k=1;1€ occ.
Pijki = 1 . : S

-1 i=1Lj=k i#]j;1,j € occ.

0) otherwise

Only entries 0, 1, 2 or —1 in these matrices in the 1-determinant case.

Egr = Z D;; h;; + Z Pijri (ij|kl)

ijeall ijkleall



Density matrices

One-electron properties:
Multipolar moments, electrostatic potentials as 2.;; D;; { ¢; | 0| b )

Integrals of the operator in molecular orbitals

Alternative: integrals and density matrix in atomic orbitals

Fap = hag + ) Dys [2(Blyd) — (adlyp)]
84

Mulliken population analysis

Na = ) DapSap
affcA

Dipole moment

i = Zﬁbaﬁmwum: ZDij<¢i|7|¢j>
[0 L



Natural orbitals

We may diagonalize the multi-determinantal 1-particle matrix D;;: orbitals with
fractional occupation numbers.

e =2 electrons: closed shell
e =] electron : singly occupied orbital

e =~() electrons: virtual orbitals

symmetric dissociation of H20, MCSCF
25 T I T I T T T T

15

1.0 |

Natural orbital occupation

0 2 4 6 8 10
r (O—H) / Angstrom

0.0

P. Reinhardt, Sorbonne, 2018 — p. 30



Remains to work

Derivatives of the total energy with respect to orbitals and CI coefficients:
e Derivatives of h;; and g;;x; wrt orbital expansion coefficients
e Derivatives of the density matrices wrt to WF expansion coefficients

e Alternate between orbital and WF optimization steps

_— T
Orbitals

N—_ /

P. Reinhardt, Sorbonne, 2018 — p. 31



Total energy (Hartree)

Symmetric dissociation of water

-75.0

—75.5

-76.0

—-76.5

Symmetric dissociation of water

| | &——e RHF

——e CISD

| | e—— CCSD(T)
" | e——e MCSCF

0.5

1.0

1.5

2.0 2.5 3.0
OH distance (Angstrom)

3.5

4.0

4.5

5.0

P. Reinhardt, Sorbonne, 2018 — p. 32



Practical aspects of MCSCF

Much more expensive than RHF
Grows exponentially with number of active orbitals

Definition of active space not straightforward: all valence electrons in all

valence atomic orbitals may be too large to handle
Convergence not assured
Active space may change for different points on a potential surface

Starting point for calculations on
e Open-shell systems
e Electronically excited states

e Resonant singlet systems

P. Reinhardt, Sorbonne, 2018 — p. 33



That’s it for today

We hopefully saw
e How all started
e Why we speak about orbitals
e Why chemists like orbitals
e That orbitals are not all
e What we mean when we speak of Hartree-Fock
e That a variational principle 1s exploited
e What we have to do for a Configuration Interaction
e How to optimize orbitals through single excitations

e How to break a bond correctly

P. Reinhardt, Sorbonne, 2018 — p. 34



Electron correlation — what to do ?

e Add term to total energy — DFT
e Parametrize with experimental results — semi-empirical methods

e Use multi-determinantal wavefunctions

\PZCDQ+ZC[(D[ (1)
1

e Correction to the total energy of a closed-shell system:
Dynamical correlation

Reference determinant; other determinants of minor weight (¢; << 1)

e bond breaking, open-shell singlets, strong correlations
Non-dynamical correlation

Several determinants of comparable weight (some ¢; > 0.2...0.4)

P. Reinhardt, Sorbonne, 2018 — p. 35



Kato’s theorem

1 WP(?))
2| p@)

av.

(T.Kato, Comm.Pure.Appl.Math., 10 (1957) 151)
e Knowledge of the density gives position and charge of nuclei
e Write down a Schrodinger equation

e Solve it
Everything is in the density .... Nobel prize Walther Kohn 1998

P. Reinhardt, Sorbonne, 2018 — p. 36



Kohn-Sham equations

Elp] = Ty[p] + f dr Ve (F)p(r) + Enlp] + Exclp]
N ) hz
7,10 = Zl / dr (1) (—%Vz) #:(r)

1 , p(r)p(r’)
EH—E/dr/dr |1’—1"|

ven(r) = veul0) + [ P S
_ O0Exc|p]
ch(r) — 5,0(1’)

Minimization of E|p] should lead to Eexact

7’12
(— o v+ Veﬁ(l’)) ¢i(r) = £;¢:(r)
m P. Reinhardt, Sorbonne, 2018 — p. 37



The methane dimer:

But ...

1.5 —————
—O F12-CCSD(T)

1.0 —— PBE -
~ i — B3LYP
o
£ _ LDA
c 05 =
3] I
=
P
> I
o 00¢r g
o -
c /3—0’.—.—._.—.
0 I .
s ~057 ]
3 Y
E ¥
£ _ . /]

-1.0 * .

_1.5 I L L | L 1 1 1 ] 1 ) 1 ) ) ) ) ] ) )

2.5 3.0 3.5 4.0 4.5 5.0

C - C distance (Angstrom)

P. Reinhardt, Sorbonne, 2018 — p. 38



ClI of Singles and Doubles

Number of configurations: N orbitals, n electrons «, 8

2 2
R L
bet = (n) - (n!(N—n)!)

Example: H,O, 10 electrons, 40 orbitals (small basis) n = 5, N = 40:
432974528064 = 4.6 x 10! determinants




ClI of Singles and Doubles

Number of configurations: N orbitals, n electrons «, 8

2 2
N N
Nt = (n) B (n!(N—n)!)

Example: H,O, 10 electrons, 40 orbitals (small basis) n = 5, N = 40:

432974528064 = 4.6 x 10'! determinants
Possible solution: limit the number of excitations

e only doubly excited determinants in the expression for the correlation
energy

e Contribution of triples and quadruples usually small

Spin conservation during an excitation:

— 78225 =(5Xx4)x2x35%x34+(5%5)x35x%x 35 determinants

N N

same spin opposite spin



ClI of Singles and Doubles

Number of configurations: N orbitals, n electrons «, 8

2 2
N N
et = (n) - (n!(N—n)!)

Example: H,O, 10 electrons, 40 orbitals (small basis) n = 5, N = 40:

432974528064 = 4.6 x 10" determinants
Possible solution: limit the number of excitations
Additional reduction of the number of determinants:

e Dby spatial symmetry
e by spin combination: 4 open shells — 1 quintet, 3 triplets, 2 singlets

Resulting wavefunction has same spin and space symmetry as Hartree-Fock
reference.



105 |

=
o
o

Correlation energy/CCSD(T) in %

75 L

ClI of Singles and Doubles

90 |
85 |

80:
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Wrong scaling property of SD-CI

Model of N hydrogen molecules in minimal basis, without interaction

AT

P. Reinhardt, Sorbonne, 2018 — p. 41



Wrong scaling property of SD-CI

e One single H, molecule:

(O1[H|®7) = Egrp=2h; +(11]11)
(D7 H[D,3) (12[12) = K12

Egr Kpp)||[ 1

Ky  Ey

S))

with eigenvalues

2
Es—E Es—E
E, = Egp+ 2217 i\/( 22 HF) + K2

2




Wrong scaling property of SD-CI

N independent molecules ((N — 1)Egr subtracted):

(EHF Ki> KIZ\( 1 \ ( I \
Ko Ey O 0
0 Co1| = E €221
0
\Ki» 0 0 Ep/\ i .

In fact only two equations:

K12
Ecorr — 2A

Ki2 + 5 Ey; = CQQ(EHF + Ecorr) — Cry =

NK?,
Ecorr — 2A

EHF + NKIZ Crs = EHF + ECorr — ECorr — NCQQ K12 —



Wrong scaling property of SD-CI

Solution of the quadratic equation

E2

Corr

~2AEcorr -NK;y, = 0

Ecorr = A—\/A2+NK122 ~ VN

Default of the size consistence !



Wrong scaling property of SD-CI

Solution of the quadratic equation

E2

Corr

~2AEcorr —NKj, = 0

Ecorr = A—\/A2+NK122 ~ VN

Default of the size consistence !

e Siegbahn’s correction
2y /.2
Ecorr > (1 - C())/ Co Ecorr

P.E.M.Siegbahn, Chem.Phys.Lett., 55 (1978) 386

e (Correction of Davidson and Silver
Ecorr — (1 - C(%)/(zc(z) o 1)ECOI'I‘

E.R.Davidson, D.W.Silver, Chem.Phys.Lett., 52 (1977) 403



Wrong scaling property of SD-CI

Result for (Hy),, rings :

correlation energy / H2

molecular case

-0.013

-0.014

-0.015

G—oCISD
O—+&1 Siegbahn
&S—= Silver
A—A CEPA-0

| |
22 30
# hydrogen atoms

| !
38

correlation energy / H2

metal-like case

-0.017r

-0.019-

G—oOCISD
O——+ Siegbahn
S—= Silver
A—A CEPA-0

AAAAAA

-0.021
6

! | ! ! !
30 38 46 54
# hydrogen atoms

P. Reinhardt, Sorbonne, 2018 — p. 44



Size-consistent methods

CISD eigenvalue problem
(0 ... Ho  ..\[1) (1)

— ECorr
Hi; — Egr €1 C1

! 5 16 A




Size-consistent methods

Dressed CISD eigenvalue problem
o ... Ho; SAVAR (1)

— ECorr
Hi; — Egrp + A Cr Cr

! o 50 A Y

e A = Ecor decouples the equations: CEPA-0, too severe

e A should go to Ecqrr asymptotically, but be zero for 2 electrons (Full CI !)

2
e ACPF: A = Ecqry (1 - N) Averaged Coupled Pair Functional

(N —=2)(N - 3)
NN = 1)

e Self-consistent solution of the dressed equations

o AQCC: A = Ecorr Averaged Quadratic Coupled Cluster



Correlation energy / CCSD(T) in %

100

(o}
o

(o0}
o

70

Size-consistent methods

~

CH20

C2H4

(C2H2 C2M6

CH4

C3H8

+//k~4\\+//+/’ﬁ\ﬂz/+//

H
)
CO

H2

LiF

LiH

b

Vi

N2

e—eCISD
+—+ ACPF
AQCC
MP2

P. Reinhardt, Sorbonne, 2018 — p. 46



Perturbation theory

e Decompose H in two parts

H = Hy +V
e Eigenfunctions of Hy known:
Ay = E” @y

In particular
Ay ®y = E @

with the Hartree-Fock reference determinant @
e But not necessarily Hy®y = Exp @

e V small
e Schrodinger equation (Hy + V)|¥) = Ey|¥)

P. Reinhardt, Sorbonne, 2018 — p. 47



Rayleigh-Schrodinger perturbation theory
e Introduce a parameter 4 with 0 < A4 < 1:
H) = Hy + AV

e Parametrize the total energy and the wavefunction with A in the
Schrodinger equation:

HOY) = EQ)Y)



Rayleigh-Schrodinger perturbation theory

e Introduce a parameter 4 with 0 < A4 < 1:
H) = Hy + AV

e Parametrize the total energy and the wavefunction with A in the
Schrodinger equation:

HOY) = EQ)Y)

e Develop in powers of A:
H=Hy +1V ; [¥)= ) "[¥™) ; Ey=) 1" E"
n=0 n=0

e Develop |#™) in eigenfunctions of Hy (excited determinants):

(09 o0

W) = T D@ [P = > e D)



Rayleigh-Schodinger perturbation theory

Schrodinger equation H|W) = Ey |WV) :

(Ao +A0) 3 ampety = 3" am ™ %" ak jo®)
n=0 m=0 k=0



Rayleigh-Schodinger perturbation theory

Schrodinger equation H|W) = Ey |WV) :

(Ao + A7) D7 am ey = 3 am g™ %" ak |o®)
n=0 m=0 k=0

Energies:
EM™ = (0|VIn-1)
=

Coefficients:

= (@ Py = (k|V|n—1)

[
0 _ 0
E,” - E,

(1) (n-1) (2) (n-2) (n—=1) (1)
—EO C —EO Cp —...—EO Cp



Rayleigh-Schodinger perturbation theory

Schrodinger equation H|W) = Ey |WV) :
(Ao +A0) 3 ampety = 3" am ™ %" ak jo®)
n=0 m=0 k=0

e We always have

EY + EWV = (0g|Hy + V|®o) = (Do|A|Do) = Enr

1

(0) (0)
Eo B Ek

e = (0P = (k|V]0)

2
2 (1) (O|V]k)
E7 =(Dy|V|¥') =
0 ;)E(0>_E<0>



RS perturbation theory

Ey) = (@|V|®y) = (0]V[0)
TS Y0 T
By = (@ VI[¥) = ) (0l —=—V0)
E," - E
k+0 0 k
Ey) = (D] V[¥?)

N k)(k ,\ 1)l N
PR (L>>< |<0> v <o|>>< |(0)V|0>
Y B A A A

EDY

k+0

OIvIK)\
E" - O

2)

There is a systematic structure in the equations ...
e.g. 2n + 1 rule:

E(()3) _ <LIJ(1) V| (D) ) — E(()l)<\{l(1)|\.}t(1)>

P. Reinhardt, Sorbonne, 2018 — p. 50



Mogller-Plesset perturbation theory
C.Mgller, M.S.Plesset, Phys.Rev., 46 (1934) 618

What should we take for Hy ?

We know the eigenfunctions of the Fock operator: orbitals
We know the eigenvalues of these functions: orbital energies € = Fj;

Hy = Z Fiia; a; = Z €d; d;
i

[



Mogller-Plesset perturbation theory
C.Mpller, M.S.Plesset, Phys.Rev., 46 (1934) 618

What should we take for Hy ?

We know the eigenfunctions of the Fock operator: orbitals
We know the eigenvalues of these functions: orbital energies € = Fj;

HO_ZF”“r 7 :Zeléﬁa,

[

Apply this to a Slater determinant : Hy ®, = Z € | Px

icocc(k)

Matrix element (O |V | k ): kK must be a di-excited determinant, otherwise zero.

(0] V k) (o | H| D) = (Do | Hy | ®F) = (0| H | k)

=0
= (ialjb) — (iblja)oo;c; bi-electronic integrals



Mogller-Plesset perturbation theory

Second-order energy:

2@ _ Z (2(ialjb) — (iblja)) (ialjb)
{iab € Tt € — € — €

And higher-order formulas can be derived as well ... but become more and more
complex



Mogller-Plesset perturbation theory

Second-order energy:

2@ _ Z (2(ialjb) — (iblja)) (ialjb)
{iab € Tt € — € — €

And higher-order formulas can be derived as well ... but become more and more
complex

5 (ialjb)(ia|jb) (ial jb)(iD|ja)
Ei-l-éj—Ea—Eb Ei-l-éj—Ea—Eb




Diagrammatic language

The rules of the game

1.

For a nth-order diagram draw 2 vertical rows of n linked points

2. Link all the points (one line in, one line out)
3. Sum over all internal lines

4.
5

. Draw a horizontal line between two pairs of points. Every of these results

A horizontal link between 2 points gives a bi-electronic integral

in a factor in the denominator with the orbital energies of the vertical lines
encountered. Holes are positive, particles negative.

Yo Y

lEOCC aevirt

The overall sign is given by the number of closed loops and the number of

holes
(_ 1 )closed loops-+holes

If a symmetry plane 1s present, multiply by 1/2
The diagram has to be multiplied by 2¢losed loops

P. Reinhardt, Sorbonne, 2018 — p. 53



Diagrammatic language

A 4-th order diagram as example

———————— ®
C
———————— ®
d
———————— ®
———————— ®
(1)
DN (iblke)(kled)(alld)Gialjb)
(6 +e—e,—€)e+e—€,—€)e+€ — €, —€p)

ijkl abcd



Diagrammatic language

All third-order diagrams




Summary

Development order-by-order to improve total energy
Straight-forward evaluation, term by term, diagram by diagram
Only infinite order satisfies Schrodinger’s equation
Zeroth+first order 1s the Hartree-Fock energy

Ist-order wavefunction — natural orbitals, density
Second-order always lowers the total energy

Higher orders become rapidely more and more complex

2n + 1 rule: E@*D known from $™:0 - 1,1 - 3,2 > 5

Commonly used: MP2, MP4

P. Reinhardt, Sorbonne, 2018 — p. 55



Performance

105 |
3 LiF
= -
E I
A 95 r i
V)
O
Q [
3 90 | ]
= [
c
(¢D)
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S 85+ .
c_s L
L
o [
@) 80 - _
75 |

Basis aug-cc-pvtz, fixed geometry
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Performance

Geometry parameters

Hartree-Fock 2nd order Mgller-Plesset
molecule | Ar(pm) Aang(deg.) | Ar(pm) Aang (deg.)
H,O —1.7 +1.8 +0.1 -0.4
N> -3.1 +1.6
CHy -0.5 —-0.1
CO —-2.4 +1.1
HF —1.8 +0.5
NH; -1.4 +1.5 0.0 +0.5
P -3.6 +3.4
SO, =2.7 -1.3 +2.7 —1.1

Source: NIST database http://www.nist.org



Performance

Vibrational constants, atomization energies

Hartree-Fock 2nd order Mgller-Plesset Experiment
molecule v at.ener. % at.ener. 1% at.ener.

(cm™!)  (kJ/mol) | (cm™1) (kJ/mol) (cm™)  (kJ/mol)
H,O 4121 597 3821 017 3657 918
N, 2726 472 2187 952 2359 942
CH4 3147 1260 3069 1607 2917 1642
CO 2421 716 2110 1099 2170 1072
HF 4465 380 4125 576 4138 567
NH3 3686 754 3503 1128 3337 1158
P> 909 150 726 451 781 486
SO, 1371 393 1106 — 1151 1063

Source: NIST database http://www.nist.org



How much does it cost ?

e MP2: N° due to integral transformation (a8|yd) — (ia|jb)
e CISD: N°, form matrix elements ((Dg.b | H | CI)Z?'J.d )
e MP3: one iteration of CISD
e adding dressings to CISD: no additional cost
e MP4:
o exploit: <c1>gjb | H | cbfj%d ) = (Do | H| DY
o treatment of Singles, Doubles, and Quadruples ~ N°

e Triples: excitation sequence
(O|H|D)D|H|TXT|H|D)D|H|0)
<c1>gjb|H|c1>,g;ln§> = (abklm|H|ijcde) — N’

e for comparison: HF or DFT ~ N3

P. Reinhardt, Sorbonne, 2018 — p. 58



Coupled Cluster Theory

Finally the Coupled-Cluster ....

e Wavefunction

e § excitation operator

e Schrodinger’s equation H|¥) = E |'P)

e Energy through projection against (®g| or ((I)0|e‘§

(Dole " He®|Dg) = (Dg|He®|Dp)
— <(D0|e_SEeS|(DO> =F = EHF + ECorr

P. Reinhardt, Sorbonne, 2018 — p. 59



General approach

Projection of e™> He":

(D%e > He® |Dp) =

(D7 e SHeS|Dy) = 0 3)
Exponential
T L By
- 2 6

leads to the (exact) Baker-Campbell-Hausdorff expansion

/\

SHed = H+[H,S]+
Remains to insert $ = 77 + 75, regroup and evaluate. We may use

e He® = e " felith = =12 (e_TlHeTl) e’ = e H,ppel



General approach

h=) a,a Th=) aalam
ia jkbc

where &Zl creates an electron in (spin-)orbital a, and d; destroys an electron in
(spin-)orbital i.

The operators obey the anti-commutation relations
NN |

{Cli > dj } - ai

{ai, a;} = a;

l
{a;,aly = aja,+a al =0 (4)

due to the sign-change when exchanging two fermions in a wavefunction (Pauli’s
principle). As a consequence we have

T\ T > > al acay alay a

)

[
>
Q —+
>
S~ —+
N
&Q>
>
a o <
D>
=

[

>
.
~



General approach

Projection of He>:

(D | BT | @)

YU IVUSIE I
(®?|H(T1+T2+T1T2+§T12+6T13 | D )

(@A gy = (00| (1 + 7+ Ty + Tyt
+ =17 + =TT, + =T; + =17 + =T, |D
F i+ il o+ T+ o Tiido)

Equation of degree 4 to solve, via iterative methods.



Continuing

Take only diexcitations (tl.“jb = c?;.b ):

E = (@0 H|Po) + (Po|HT2|®0) = Epr + ), er(®o| H| ;)
I

N N 1 . N
<®f}b|H(1+Tz+§T22) | Do) = E <®f}b|T2|(Do>

—cab
Lj

Look at the contributions from 7575 | @) = 2 Z (ci“jb *cgld) |(I)fﬁ§d)
klcd
with all the possibilities

ab , .cd _ ab .cd _ ;/.ab .cd
Cij *Cr1 = Cij Cry <Cij *Cry )

ab _cd ab _.cd ab cd ac .bd ac .bd ac .bd

= G C —Cy €y TG Cipe =G G TGy Cip — G Ciy
ad bc ad bc ad bc cd .ab cd .ab cd .ab

TC; Crp —Ci Cjp T Cy Ciop TG G —Cie Cip T 6 Ciy

bd .ac bd .ac bd .ac bc .ad bc .ad bc .ad

—Cij Crr TGk Cip G Ci TC Cg —Ciy €5 T 6 Ci



Continuing

Assembly :
I:I()] + Z ﬁ]] Ccj+
J

+ Z<(D1|g|q)l+]>(cl cy —{crx*cy))
7

— |\ EgF CI"‘ZHOJ crCj =
J

- -

EC]

With (@ |H | @iy ) = (Do | H| Dy )

Z(q)ﬂm(buﬁcl cy — Z Hojcrey =0
7 7



Continuing

Finally the equations to determine the coefficients :

Hy + (®;|H — Egp|®;) e + Z Hijcy = Z Hyj {(cr*cy)
T#l 7

e Still quadratic in the coefficients
e Only di-excited determinants to consider

e We had for the variational CISD correlation energy:

ECOrr:Z Cl<®0|ﬁ|q)l>
1

e Equations ressemble the CISD equations !

e To be solved iteratively

e For a given I we have to loop over all J: cost — N°®

P. Reinhardt, Sorbonne, 2018 — p. 62



Including triple excitations

CCSD: only di-excited determinants needed
Cost as CISD or MP4 (SDQ): ~ N° by precontraction

Triples may be important:
e Orbital corrections for di-excitations
e Much better performance for intermolecular interactions

Full triples step costs ~ N° :
(ijkabc|H|lmnde f)

6 indices ijkabc and 2 differences — N®

Needs much more memory for coefficients tl.“jb “, etc.

Perturbative treatment: straightforward, no need for iterations —
CCSD(T)
as triples in MP4: ~ N’

Nowadays reference method for closed-shell systems

P. Reinhardt, Sorbonne, 2018 — p. 63



Example: NH;—NH;

NH3 — NH3
-31 | .
: B-LYP
-3.3 i 0] i
= .
E -3.5 i ]
- c
g - B3LYP
8 -37Ff .
(3 i o)
=
be] L
2 -39 ¢ ° .
g .
c
= a1l CEPA-0 CCshb
l mp2 NP4 ™SO0 AcePF -
. o OO _
~
—43 [ sAPT(hybrid) T
o CCSD(T)
-45 :

3.35 3.36 3.37 3.38 3.39 3.4 3.41 3.42 3.43
distance N — N (Angstrgm)

P. Reinhardt, Sorbonne, 2018 — p. 64



Performance

Geometry parameters

Hartree-Fock MP2 CCSD(T)
molecule | Ar(pm) Aang (°) | Ar(pm) Aang(®°) | Ar(pm) Aang(°)
H,O —1.7 +1.8 +0.1 -04 —-0.1 -0.3
N» -3.1 +1.6 +0.6
CHy -0.5 -0.1 +0.3
CO 2.4 +1.1 +0.8
HF —1.8 +0.5 +0.4
NHj3 —-14 +1.5 0.0 +0.5 +2.3 -0.3
P, -3.6 +3.4 +2.3
SO, —2.7 -1.3 +2.7 —1.1 +0.3 -1.1

Source: NIST database http://www.nist.org



Performance

Vibrational constants, atomization energies

2nd order Mgller-Plesset CCSD(T) Experiment
molecule v at.ener. v at.ener. 1% at.ener.

(cm™1) (kJ/mol) (cm™!)  (kJ/mol) | (cm™") (kJ/mol)
H,0O 3821 917 3811 899 3657 918
N» 2187 952 2339 897 2359 9042
CHy 3069 1607 3028 1617 2917 1642
CO 2110 1099 2144 1040 2170 1072
HF 4125 576 4128 557 4138 567
NHj3 3503 1128 3464 1131 3337 1158
P> 726 451 768 437 781 486
SO, 1106 — 1136 968 1151 1063

Source: NIST database http://www.nist.org




Orbital localization: what does it change?

e Correlation important if electrons are close

-
- -~

4
7’

. H H>H H H H

/ \ / N/ N/
/ H C ‘' C ‘'C H
. \ NN\ A /
! H— C C 1 /C I C
\ | | N \H
\\ H O / H H H

\\ \ 4/ //

N ,’ ,’

e Bielectronic integrals less important for distant orbitals
e Hartree-Fock reference invariant to orbital rotations
e CISD as well as variational procedure

e The same holds for total-energy dressings (CEPA-0, ACPF)

e (CCSD projects against all excited determinants, the infinite summations of
all T operators.



Orbital localization: what does it change?

Perturbation theory is different:

The Fock matrix is not any more diagonal

Either leave Hy = Dl Fiiézj ai = ) el-&j d; and add the off-diagonal

Fock-matrix elements to the perturbation V as additional series

orbitales canoniques  orbitales localisées perturbation supplémentaire en F
(MP2C) (MP2L) (MP2C - MP2L)

Or introduce the off-diagonal matrix elements in Hy = ) ; i Fij d: a; and

leave the perturbation V as is.



Orbital localization: what does it change?

Orbital invariant MP2:
e Schrodinger equation (Hy + AV) Y, A/PW) = > MVED ¥, Aoglk)

e First order wavefunction ¥V = 3, cgl) @y, projection on Ok

>V (@k By - EG|@;) + (k| VDo) = 0
1

e Define a functional (Hylleraas 1930)
ho= 20¢ D00y + (gD A, - EO )

e Put derivatives to zero (minimize h)

dh X 5
o — = 2(0k|V[Py) + > 2er (@k|Ho - EY @) =0
CK 7

e Insert into functional: & = (YD |V ¥y = E@)



Orbital localization: what does it change?

e System of linear equations

(@klAID0) + 3 (€6 Fac + ¢l Foc) = D (el Fue + i o) = 0
cevirt keocc
e Evaluate integrals and Fock matrix in any set of localized orbitals
e Energy will be always the same as the coefficients minimize a functional.

e Formulas more complicated, but hope for linear scaling

H\ H H H I—I\ /H

’ / N
(\:fr/c\c/‘ﬁc\c/ AN /H
| /7 \ /\
H H o H L

\O/



That’s all

We saw today
e That a CI, although variational, 1s not all
e What a size-consistent method should be
e What perturbation means in quantum chemistry
e That a perturbational approach grows rapidly in cost with the order
e How to write the Coupled-Cluster equations for having a correlation energy

e That working in localized orbitals may be a way to reduce effort

P. Reinhardt, Sorbonne, 2018 — p. 67



	Blue {Organisation}
	Blue {Organisation}

	Blue {Spectroscopy}
	Blue {Spectroscopy}
	Blue {Spectroscopy}
	Blue {Spectroscopy}

	Blue {Bohr model and Schr"odinger's equation}
	Blue {Bohr model and Schr"odinger's equation}
	Blue {Bohr model and Schr"odinger's equation}
	Blue {Bohr model and Schr"odinger's equation}

	Blue {Simple systems}
	Blue {Simple systems}
	Blue {Simple systems}

	Blue {Simple systems}
	Blue {Simple systems}

	Blue {Simple systems}
	Blue {Simple systems}

	Blue {Working with atomic orbitals}
	Blue {Working with atomic orbitals}

	Blue {Working with atomic orbitals}
	Blue {Working with atomic orbitals}
	Blue {Working with atomic orbitals}

	Blue {The variational principle}
	Blue {H"uckel theory}
	Blue {H"uckel theory}
	Blue {H"uckel theory}
	Blue {H"uckel theory}

	Blue {Many-electron wavefunctions}
	Blue {Many-electron wavefunctions}

	Blue {Many-electron wavefunctions}
	Blue {Many-electron wavefunctions}
	Blue {Many-electron wavefunctions}

	Blue {Many-electron wavefunctions}
	Blue {Calculate with Slater determinants}
	Blue {Calculate with Slater determinants}
	Blue {Calculate with Slater determinants}

	Blue {Calculate with Slater determinants}
	Blue {Calculate with Slater determinants}

	Blue {Hartree-Fock equations}
	Blue {Hartree-Fock equations}
	Blue {Hartree-Fock equations}
	Blue {Hartree-Fock equations}

	Blue {Basis sets}
	Blue {Basis sets}

	Blue {Basis set extrapolations}
	Blue {Basis set extrapolations}

	Blue {}
	Blue {What do we have already: Hartree-Fock}
	Blue {What do we have already: Hartree-Fock}

	Blue {Bond dissociation}
	Blue {Bond dissociation}
	Blue {Bond dissociation}

	Blue {Electron Correlation}
	Blue {Configuration interaction}
	Blue {Configuration interaction}
	Blue {Configuration interaction}

	Blue {MCSCF: general considerations}
	Blue {MCSCF: general considerations}
	Blue {MCSCF: general considerations}

	Blue {General considerations}
	Blue {Super-CI method}
	Blue {Super-CI method}
	Blue {Super-CI method}
	Blue {Super-CI method}

	Blue {Generalization}
	Blue {Generalization}
	Blue {Generalization}

	Blue {Density matrices}
	Blue {Density matrices}

	Blue {Natural orbitals}
	Blue {Remains to work}
	Blue {Symmetric dissociation of water}
	Blue {Practical aspects of MCSCF}
	Blue {That's it for today}
	Blue {Electron correlation -- what to do ?}
	Blue {Kato's theorem}
	Blue {Kohn-Sham equations}
	Blue {But ...}
	Blue {CI of Singles and Doubles}
	Blue {CI of Singles and Doubles}
	Blue {CI of Singles and Doubles}

	Blue {CI of Singles and Doubles}
	Blue {Wrong scaling property of SD-CI}
	Blue {Wrong scaling property of SD-CI}
	Blue {Wrong scaling property of SD-CI}

	Blue {Wrong scaling property of SD-CI}
	Blue {Wrong scaling property of SD-CI}

	Blue {Wrong scaling property of SD-CI}
	Blue {Size-consistent methods}
	Blue {Size-consistent methods}

	Blue {Size-consistent methods}
	Blue {Perturbation theory}
	Blue {Rayleigh-Schr"odinger perturbation theory}
	Blue {Rayleigh-Schr"odinger perturbation theory}

	Blue {Rayleigh-Sch"odinger perturbation theory}
	Blue {Rayleigh-Sch"odinger perturbation theory}
	Blue {Rayleigh-Sch"odinger perturbation theory}

	Blue {RS perturbation theory}
	Blue {Mo {}ller-Plesset perturbation theory}
	Blue {Mo {}ller-Plesset perturbation theory}

	Blue {Mo {}ller-Plesset perturbation theory}
	Blue {Mo {}ller-Plesset perturbation theory}

	Blue {Diagrammatic language}
	Blue {Diagrammatic language}
	Blue {Diagrammatic language}

	Blue {Summary}
	Blue {Performance}
	Blue {Performance}
	Blue {Performance}

	Blue {How much does it cost ?}
	Blue {Coupled Cluster Theory}
	Blue {General approach}
	Blue {General approach}
	Blue {General approach}

	Blue {Continuing}
	Blue {Continuing}

	Blue {Continuing}
	Blue {Including triple excitations}
	Blue {Example: NH$_3$---NH$_3$}
	Blue {Performance}
	Blue {Performance}

	Blue {Orbital localization: what does it change?}
	Blue {Orbital localization: what does it change?}
	Blue {Orbital localization: what does it change?}
	Blue {Orbital localization: what does it change?}

	Blue {That's all}

