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What do we have: Hartree-Fock, notation

Closed-shell systems



What do we have: Hartree-Fock, notation

Closed-shell systems
Wavefunction: 1 single Slater determinant

D) = Pg(F1,To, ..., Th1,Th)
1 P1(T1)or 0 Pnya(Ti)o]
SVl ;
¢1(Tn)or o+ Gpya(Tn)oy

— |¢17q517""7¢n/27<5n/2> with ‘¢Z> :gbz(f) g4 and ‘¢ZZ> :sz(f) gl

Molecular orbitals
N

¢z(17) — Z Ca i Xa(f)

a=1

Normalized wavefunction (®,|®y) = 1



What do we have: Hartree-Fock, notation

Closed-shell systems

Extension to periodic systems:
e Born-von Karman cyclic boundary conditions in 1, 2 or 3 disiens

e Symmetry index: with & g, = 27 /n, for real space cell indices
e “Molecular orbitals” for eachk point

Qk‘l
l

N
Z () with us (¥) = Z e K8 B (T)
e Alternative representation: Wannier orbitals, localiredach cell
Wi =2 Z ™

(occupied and virtual orbitals in real space) with orthagdy condition

—

<w§\w§‘> = 5ij5g’,ﬁ



What do we have: Hartree-Fock, notation

Closed-shell systems
e Hamiltonian :

R IS D SO D M

_rl i g>i

e Orbitals are (self-consistent) solution Bf); (¥) = ¢; ¢, () with the Fock
operator

A [_ _Z!Rz—ﬂ
[ /%II‘—*’\ P’ :(F) - /qﬁj(? qbi(?)dSr’qu(f)

_l_

e Total energy:

Egp = (Do|H|®o) = > (dulhldi) + D [2(iljs) — (ijlig)]

1€occ 1,7 €occ



What do we have: Hartree-Fock, notation

Closed-shell systems
Solids: Fourier transformations for matrix elements

— = 1 = —

F& = (wh|F|uh'8) = — / e ™8 Fyi(k) d®k
Ve JBz
Fij(k) = (¢i(R)|Flg;(k)) = > "B F;

g

e Matrix elements decay (in general) exponentially in reatspaithg
e Matrices F, P block-diagonal ik-space, diagonalization for each block.
e Total energyper unit cellneeded.

e Total energy decomposed in different, (conditionally)wenging, sums
(kinetic, electrostatic, exchange).



What do we have: Hartree-Fock, notation

Closed-shell systems

guess —m= P g |:9 — total energy

Fourier transformation
Fourier transformation

P(k) F(K)

\\ £ (K) /

convergence



What do we have: Hartree-Fock, notation

Closed-shell systems
At disposition
e Molecular orbitals— density, multipolar moments
e Orbital energies— ionization potentials, excitation energies, band
structures

e Total energy— geometry, dissociation energies, vibrational and rotaiio
constants, IR spectra, polarizabilities, thermochemistr



What do we have: Hartree-Fock, notation

Closed-shell systems

At disposition

Molecular orbitals— density, multipolar moments

Orbital energies—; ionization potentials, excitation energies, band
structures

Total energy— geometry, dissociation energies, vibrational and rotaiio
constants, IR spectra, polarizabilities, thermochemistr

How do they perform?

Good geometries, slightly too short bond lengths
Good ionization potentials (Koopmans theorem)
Bad binding energies (50 % of experimental values)
Bad vibrational frequencies (much too high)

Incapable to dissociate closed-shell systems continonilytwo separated
open-shell systems

Only high-spin states possible, no open-shell singletg&giance



What to do ?

e Add term to total energy— DFT
e Parametrize with experimental results> semi-empirical methods
e Use multi-determinantal wavefunctions

U =y + ZCI(I)I (1)
I

e Correction to the total energy of a closed-shell system:
Dynamical correlation
Reference determinant; other determinants of minor weight. < 1)
e bond breaking, open-shell singlets
Non-dynamical correlation

Several determinants of comparable weight (seme 0.2...0.4)
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Treating dynamical correlation

Definition of the (dynamical) correlation energy:

ECorr — Etotal — EHF (2)
Remember:
Epr = (Po|H| D) (3)
but
H|®o) # Enr|®o) 4)

Two basic approaches:
e Variation — today

e Perturbation — J. Toulouse
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Configuration interaction

Straight-forward approach to Schrodinger’s equation aedsariational principle:
e Add more determinants within the same HF orbitals

\IJICOCI)O—I-Z cr P
1
e Minimize the total energy under the constrajit| V) = 1:

CO(I)() +Z CJ(I)J>
J

L{ery;A) = E({ery) — A ((P¥) — 1)
e System of linear equations

E({c;}) = <c0c1>0 +> cr®|H

OL({crts N)
86[

OL({cr};N)
O\

=0 — 0



Configuration interaction

Written as matrix equation:

((0[H|0) ... (OH|I) ... \ /co\ [ co )

OH[J) ... qH=HD ... | e ¢y
|dentify A with the total energy from the functional:

{C[} YCIYCJ (I)]|H’(I)J —)\ZCI—A

Vv
—)\C]




Configuration interaction

SubtractEy r = (®o|H|P() from the diagonal:

( O (O|H|I) \ (c.o\ (C_O\

. | HE :ECOTT .
(O|H|I) ... (I/H|I)—Egp ... ” ¢

\ Y \¢)

e Intermediate normeg = 1 :

Eorar = (@0 || T) = Egp + Y ¢ (0| | D)
I#0

EC’OT?“:ZCI<O|I:I|(I)I>
140

e The correlation energy Bntirelydetermined by the coefficients of the
di-excitations



Calculate with Slater determinants

“Problem”: how to calculate a matrix elemebt,; = (¥;|H ¥ ;) when¥; and

U ; are Slaterdeterminants

¢1(71)

o= ——|
(2n)! D (1)

én(r'?l

and H the molecular Hamilton operator

$1(72)

A=y (e Xt

with a one-electron part and a two-electron part

\rz—rj|



Calculate with Slater determinants

One-electron operatap, = -7, h;:

(1122...0...na|01]1122...j .. . nqa)

1
= (Qn)!<£e,1?,2£ej,>

(2n)! terms ~ (2n)! t

2n terms

_ / /f (;ﬁ(m) g(T1,To .. . Ton) dry ... d%rop
-

(
< \h!¢y>

e as each of th€2n)! terms has to appear in the same ordering on the left anc
on the right,

e as each ofn operators acts equally on each electron,
e as the integration factorizes,

e as orbitals are orthogonal, e(@ |h|¢1) ... (6i|d;) ... (dn|dn) = 0.



Calculate with Slater determinants

One-electron operatc@l = > h,, other cases

(1122...4...k...nnlO1[1122...5...£...nA) = O
(1122...0...n7|01|1122...5...nR) = (éhlo;)
(1122...n7|01[1122...n0) = 2> (¢i|h|¢;)
Useful:

e Hartree-Fock energy:

Egp=2 Y (¢ilhl¢s)+ > (2(iljj) — (i4]57))

1€occ. 1,7 €occ.

e Fock matrix

= (@ulhloy) + > (2(ij|kk) — (ik|kj))

kecocc.



Calculate with Slater determinants

Two-electron operataD, = >, _ i 0ij’

(1122...0...5.. . k...na|0x1122...p...q...7...nRA) = 0
(1122...7...7...n0|0|1122...p...q... nn) = (PiP;|G|opdq)
(1122...4...5...na|02]1122...p...q. .. nn) = (0id;|4dpdy)

_<¢i¢j §’¢q¢p>

=
S
S

K K

(1122...di...nn|Ox|1122. . pi...nn) = 2(¢udi|g|drdp)—(Dudildldpdr)
ki

+{(¢i¢ilg|Ppoi)
(1122...n0|Oo|1122...nm) = > > 2(p;;1d1 i) — (dith;lle;0:)
i=1 j=1

Slater-Condon rulesi.C. Slater, Phys.Rev., 34 (1929) 1293; E.U. Condon, Phys.Rev.,
36 (1930) 1121)



Calculate with Slater determinants

Integral notations:
e Physicists:

<¢z¢j’—‘¢k¢ﬁ //¢Z Ge(r2 >d37“1d37“2

e Chemists:

Z]|]€€ // ¢z ¢j I ¢k I ¢£( )d3T1d3T2

T — 12|

e Symmetry:

(7K€) (7i|kt) = (jiltk) = (ij|Ck)

(kllig) = (Ck|ij) = (£k|ji) = (KL]j7)



Cl of Singles and Doubles

Number of configurations orbitals,n electronsy,

et = (:)2 B (m(J\fNi n)!)2

Example: HO, 10 electrons, 40 orbitals (small basisy 5, N = 40:
432974528064 = 4.6 x 10! determinants




Cl of Singles and Doubles

Number of configurations orbitals,n electronsy,

Hoet = (:)2 B <n!(JvNi n)!)2

Example: HO, 10 electrons, 40 orbitals (small basisy 5, N = 40:

432974528064 = 4.6 x 10 determinants
Possible solution: limit the number of excitations

e only doubly excited determinants in the expression for threatation energy
e Contribution of triples and quadruples small in MP4
Spin conservation during an excitation:

— 78225 = (5 x 4) x 2 x 35 x 34+ (5 x 5) x 35 x 35 determinants

Ve Ve

same spin opposite spin



Cl of Singles and Doubles

Number of configurations orbitals,n electronsy,

Hoet = (:)2 B <n!(NNi n)!)2

Example: HO, 10 electrons, 40 orbitals (small basisy 5, N = 40:

432974528064 = 4.6 x 10 determinants
Possible solution: limit the number of excitations

e only doubly excited determinants in the expression for threatation energy
e Contribution of triples and quadruples small in MP4
Spin conservation during an excitation:

— 78225 = (5 x 4) x 2 x 35 x 34+ (5 x 5) x 35 x 35 determinants

Ve Ve

same spin opposite spin

Additional reduction of the number of determinants:
e by spatial symmetry
e by spin combination: 4 open shels 1 quintet, 3 triplets, 2 singlets



Cl of Singles and Doubles

Nevertheless: too many determinants to hold the matrixldf®} | H | ® ;)
lterative solution of the eigenvalue problem, we are only interestetiébest
wavefunction (Davidson procedure):

e Starting wavefunction®ur or @p + )

e Form|¥’) = H|¥), construct the x 2 matrix

(@F{m <1I!|F{\iy>>
(W |H W) (9| H]3)

diagonalize it; eigenvector is a better \WF

e Construct¥”) = H|¥'), augment the x 2 matrix by one line and column:
3 X 3 matrix

e diagonalize, best vector giveég”)
e Continue until convergence
e Convergence in ca. 10 iterations
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Percent of CCSD(T)

100

(@)
o

80

Cl of Singles and Doubles

HF opt, pvtz basis set

C2H2

C2H4

C2H6
CH20

C3H8
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Wrong scaling property of SD-CI

Model of N hydrogen molecules in minimal basis, without interaction

R EER A



Wrong scaling property of SD-CI

e One single H molecule:

(Poz|H|Po3) = Eg3 = 2hao + (22(22)
(11 H[®3) = (12]12) = Ky

Bup K\ (1) _ (1
Ki2  Eys Co3 C93

with eigenvalues

2

Ve

A

Eos — E Eos — E 2
By = Eyp+ -2 L i\/( 2 HF) + K7,

\

= EHF+A:|:\/A2+K122

7

"~

ECO?"’I"



Wrong scaling property of SD-CI

N independent molecules{ — 1) Eyr subtracted):
(EHF Kio ... ... Klg\ ( 1 \ ( 1 \

o . . : Coar | = E | €221

In fact only two equations:

Ko
ECOT‘T‘ —2A

K12 T Ca23 E2Q - CQQ(EHF + ECOTT‘) — Co5 =

NK?%,

Eur+ N Kiscos = Egp + Ecorr — Ecorr = N 95 K12 =
ECOTT‘ —-2A




Wrong scaling property of SD-CI

Solution of the quadratic equation

E2., .. —2AEcy, —NKZ =0

Ecorr = A_\/A2+NK122 ~ \/N

Default of the size consistence !



Wrong scaling property of SD-CI

Solution of the quadratic equation

E2., .. —2AEcy, —NKZ =0

Ecorr = A_\/A2+NK122 ~ \/N

Default of the size consistence !
e Siegbahn’s correction

ECorr — (1 — C(Q))/Cg ECorr

P.E.M.Siegbahn, Chem.Phys.Lett., 55 (1978) 386
e Correction of Davidson and Silver

Ecorr — (1 —c3)/(2¢; — 1) Ecorr

E.R.Davidson, D.W.Silver, Chem.Phys.Lett., 52 (1977) 403



Wrong scaling property of SD-CI

Result for (H),, rings :

molecular case metal-like case

G——oOCISD
-0013} |¢—©CISD . —& Siegbahn
O—=&1 Siegbahn -0.015% : S Silver
S—= Silver A CEPA-O
A—A CEPA-0
T -0014 - o
E E
@ 5 -0.017
s c
-t )
S c
i< o
£ -0.015 - e
o o
S 5
© o
-0.019
-0.016 i
-0.017— L L T— P -0.021 - . N . : ,
6 14 22 30 38 46 £ 6 14 22 30 38 46 54

# hydrogen atoms # hydrogen atoms



Percent of CCSD(T)

100

O
o

80

Wrong scaling property of SD-CI

HF opt, pvtz basis set

o™
o) ~ I
N < O O |@—@CISD z <
S T 2 L Siegbahn
© O B @—@ Dav & Silver

C3H8




Size-consistent methods

CISD eigenvalue problem

(0

Hor

Hrr — Epr

/}\

Cr

\:)

/}\

Cr

\1



Size-consistent methods

Dressed CISD eigenvalue problem

(0 ... Ho; ) /1) /1)
5 Hir — Epyr + A Cr Cr

\ - )\ \ i)

e A = Ec, decouples the equations: CEPA-O, too severe
e A should go toE ¢, asymptotically, but be zero for 2 electrons (Full CI 1)

2 . :
o ACPF:A = Fcypy (1 — N) Averaged Coupled Pair Functional
(N —2)(N —3) .
o AQCC:A = Fcorr NN — 1) Averaged Quadratic Coupled Cluster

e Self-consistent solution of the dressed equations



Percent of CCSD(T)

105

O
o1

o
(&)

75

Size-consistent methods

HF opt, pvtz basis set

C2H2

C2H4

O |e—ecISD S
¥ ®—0 Siegbahn
O O @ —® Dav & Silver
© > ®—® ACPF
N O ®—® AQCC

C3H8




Diagonal approximation

Z<O‘I:I‘J>CJ — ECO’PT‘
7
Ho; + (®;H— Eyp + ?corr + A/L (D) cr + Z Hrjcs = Ecomrcr
- JAT
—A;



or

Diagonal approximation

Y (0[H|J)cs = Econ
J
H0]—|—<(I)[‘H—EHF—I—AH(I)]>C[ = 0
(0|H|T)

Cf — — x
(I|H|I)— Egp+ A}

Cheap method: perturbation !!
No integrals(vv|vv) needed, only integral®o|vv) and(ov|ov).
Iterative solution fore;: A’ depends on it

No matrix diagonalization oH.



Percent of CCSD(T)

Diagonal approximation

HF opt, pvtz basis set

120
110 / \ i
100 F ———————F——=——— %— -
_ o o
AN T O 9\
N < ¥ T O =
O I @)
- N ®—eCISD -
20 r 3 ©®—0 CISD (appr) L
© O @—® ACPF (appr)
N ®—0 AQCC (appr)
80




How much does it cost ?

At leastN° due to integral transformatiaf3|vd) — (ia|jb)

CISD: NS, form matrix elementg ®¢¢ | I | ©¢¢ )

adding Davidson correction or dressings to CISD: no adusticost

for comparison: HF or DF® N3
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Marenostrum Computer Center, Barcelona
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