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Tuesday afternoon — I

Stability, precision, Fortran

• Language elements of FORTRAN

• Representing numbers in a computer

• Numerical precision and errors

• Numerical stability

• Interpolation

• Some examples
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Language elements of FORTRAN

• FORTRAN = FORmula TRANslator

• FORTRAN IV → Fortran77 → F90 → ...

• free compilers available

• Simple structure, main program + subroutines + functions

• arguments passed via memory addresses

• no distinction of upper or lower case characters

• variable declaration recommended, but not mandatory

• array a(n) goes from a(1) to a(n)

• 2D array stored as a(1,1), a(2,1), a(3,1)) ...

• do i=1,n ... end do

• if (condition) ... else if .... else ... end if

• do while (condition) ... end do

• binary operators: .and., .or., .eq., .neq., .gt., .le. etc



Language elements of FORTRAN

Input/Output

• file types: formatted, unformatted, direct-access

• read/write via format statements

• open/close of channels with numbers, 5 = stdin, 6 = stdout



Language elements of FORTRAN

An example of F77 code



Language elements of FORTRAN

another example



Language elements of FORTRAN

Fortran 77

• first 5 columns for labels, 6th column for continuation character

• 1st column with C: comment

• line length 72 characters

• data sharing via COMMON blocks

• static memory layout

• RETURN statement in subroutines and functions



Language elements of FORTRAN

same example as F90 code



Language elements of FORTRAN

Fortran 90

• free format, continuation via & at the end of a line

• comments via ! anywhere in a line (outside a string)

• data sharing via modules

• dynamic memory layout via allocate, deallocate

• no RETURN statement in subroutines and functions needed

• a first compilation produces the .mod files with the modules

• a second compilation uses the modules and produces the executable



Representing numbers in a computer

• A computer knows about 0 and 1 (bits)

• 8 bits are a byte, thus a number between 0000 0000 and 1111 1111 or
in hexadecimal notation 00 to FF, or 255 = 16 ∗ 16− 1.

Exponent Mantissa

Sign

Integer



Representing numbers in a computer

• Today a computer runs on 64-bit words — we can count from zero to

264 − 1 = 24 ×
(
210
)6 − 1 ≈ 16× 10006 ≈ 1.6× 1019

• The sign is one bit less, or a factor of two: 1019

• For a float we have to reserve digits for the sign, the sign of the exponent,
the exponent, and the mantissa.

• IEEE = I-triple E standard: 1 bit for sign, 11 bits for exponent, 52 bits for
mantissa = 16 decimal digits precision (real*8 = double precision),
numbers ranging from 10−1023 to 10+1023.

• FORTRAN knows about
• Single precision (real) = 4 bytes = 32 bit
• Double precision (real*8) = 8 bytes = 64 bit
• Quadruple precision (real*16) = 16 bytes = 128 bit
• Integer, Integer*8
• Complex, Complex*16
• Logical, Character



Representing numbers in a computer

• CRAY T90 computers: 2 bits for signs, 48 bit for the mantissa, and 14 bit
for the exponent

• Real numbers can range from 1.0× 10−16384 to 1.0× 10+16384

• Double precision adds 64 bit to the mantissa

• Precision means what you may distinguish 6= number range

• With a mantissa of 48 bits you can distinguish 248 − 1 = 281474976710655

from 248 − 2 = 281474976710654, i.e. a relative precision of 3.5× 10−15.

Why do we rarely talk about numerical errors in quantum chemistry?

• We are already happy to devise methods and write the code for these, i.e.
calculate “correctly” a number

• We are chemists, not mathematicians

• Linear algebra and iterative solutions of equations means φk =
∑

i cikϕi

with MANY operations. Assigning a fixed error to every operation yields
tremendous error bars.

• But these are worst-case scenarios

• Instead we can extrapolate to “Complete Basis Set” (CBS) limits.



Numerical precision and errors

• Every operation produces a round-off error

• (1 + 10−15)(1 + 10−15) = 1 + 2 · 10−15 + 10−30

• Same for addition: (1 + 10−15) + (1 + 10−15) = 2 + 2 · 10−15

• 10 multiplications or additions → 10× 10−15 = 10−14 as precision.

• 10 000 multiplications or additions → 10000× 10−15 = 10−11 as precision.

• Loop over increments rn = n ·∆: never increment via rn = rn−1 +∆.

• Order of operations: (−1 + 1) + ǫ 6= −1 + (1 + ǫ)

• Try the powers of the “Golden Mean” φ =
√
5−1
2 . We may use two different

ways, φn or the recursion φn+1 = −φn + φn−1. The latter goes astray
beyond n = 36.

φn+1 =

(√
5− 1

2

)2

φn−1 =

(

6− 2
√
5

4

)

φn−1 = φn−1 − φn

• Maybe useful to know: 0.5 exp(3) ≈ π2 ≈ 10



Numerical precision and errors

Data carry errors:

• Conversion factors between units:
• Ångström and atomic units
• eV, kcal, Hartree

• Stored data:
• Basis set libraries
• Cartesian basis functions or spherical harmonics
• Use of molecular symmetry
• Definition of core orbitals
• Pseudopotentials

• Cut-off thresholds

• Convergence limits



Stability

McWeeny purification scheme for (idempotent) density matrices

Dn+1 = 3D2
n − 2D3

n

as

3(P + ǫ)2 − 2(P + ǫ)3 = 3ǫ2 − 2ǫ3 + 6ǫP − 6ǫ2P + 3P 2 − 6ǫP 2 − 2P 3

= 3ǫ2 − 2ǫ3 + 6ǫP − 6ǫ2P + 3P − 6ǫP − 2P

= P − 6ǫ2P + 3ǫ2 − 2ǫ3

with P 3 = P 2 = P and a small perturbation ǫ

• may be applied several times until convergence

• P is typically a projection matrix

3 iterations to





1 + α 0 0

0 1 + β 0

0 0 γ




 −→






1 + o(α8) 0 0

0 1 + o(β8) 0

0 0 o(γ8)








Stability

example: 1/2 of H2O density matrix, eigenvalues



Stability

successive 2× 2 rotations to diagonalize a matrix

• Iterative procedure starting from a set of orthogonal vectors

• N(N − 1)/2 rotations to apply per sweep

• each rotation produces a zero off-diagonal element, but changes all elements
of a row/column

• On average off-diagonal elements become smaller

• Approximate sin and cos by low-order expansions

• Upon convergence errors vanish

• Sequential rotations difficult to parallelize on many processors



Matrix-dressing techniques

Start with CI of Singles and Doubles

(H− E0).Ψ = Ecorr..Ψ

• 1st row/column: 〈Φ0|Ĥ|ΦI〉, Φ0 = ΦHF, ΦI= di-excited determinant

• Add effects of higher excitations to the diagonal: Hii → Hii +∆i

• ∆i = Ecorr: CEPA–0 (Coupled electron pair approximation)

• ∆i = Ecorr (1− 2/n): ACPF (Averaged Coupled Pair Functional, n =

number of correlated electrons)

• ∆i = Ecorr −
∑

J∈EPV〈ΦI |Ĥ|ΦI+J 〉: CEPA–2, CEPA–3, Full

CEPA=(SC)2CI

• As 〈ΦI |Ĥ|ΦI+J 〉 = 〈Φ0|Ĥ|ΦI〉, no additional cost

• Restores size-consistence of the CISD equations



Matrix-dressing techniques

In practice:

• Start with an approximate CI vector |Ψ〉, e.g. MP2 solution

• Modify Hamiltonian with approximate ECorr on the diagonal

• Find a better approximation to the eigenvector

• Modify Hamiltonian, etc, continue until convergence

• no need to diagonalize exactly the Hamiltonian, calculate dressing,

rediagonalize exactly etc

• Solution for the dressed problem is found “on the fly”

• Inclusion of infinite summations of higher-order excitations



Matrix-dressing techniques

Coupled-Cluster equations

〈ΦI | Ĥ
(

1 + T̂2 +
1

2
T̂ 2
2

)

|Φ0 〉 = (EHF + Ecorr) cI

with T̂2T̂2|Φ0〉 = 2
∑

klcd

(cabij ∗ccdkl ) |Φabcd
ijkl 〉 and

cabij ∗ccdkl = cabij ccdkl − 〈cabij ∗ccdkl 〉
= cabij ccdkl − cabik ccdjl + cabil ccdjk − cacij cbdkl + cacik cbdjl − cacil cbdjk

+cadij cbckl − cadik cbcjl + cadil cbcjk + ccdij c
ab
kl − ccdik c

ab
jl + ccdil c

ab
jk

−cbdij c
ac
kl + cbdik c

ac
jl − cbdil c

ac
jk + cbcij c

ad
kl − cbcik c

ad
jl + cbcil c

ad
jk

• Rearrange as

(H0I −
∑

J

H0J 〈cI∗cJ〉) + 〈ΦI |Ĥ − EHF |ΦI〉 cI +
∑

J 6=I

HIJ cJ = 0

• Dressing of the first column, scales as N8 (ijkl abcd)



Some examples

Summing a polynomial

• naively: P (x) =
∑

i aix
i or Pi(x) = Pi−1(x) + aix

i

• savely (?) via recursion: Pi(x) = x Pi−1(x) + an−i

Less operations, and terms of same order of magitude to handle



Some examples

Matrix operations: S−1/2

• Taylor expansion converges slowly

S−1/2 = (1 + (S − 1)
︸ ︷︷ ︸

X

)−1/2 ≈ 1− 1

2
X +

3

8
X2 − 5

16
X3 ± . . .

• Recursion A0 = 1, An = (3/2− 1/2(An−1.S.An−1).An−1) converges
faster, but ...

• Convergence limited, S = 2, X = 1, S1 = 1/2, A1 = 1/2
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Some more examples

Rayleigh-Schrödinger Perturbation theory for non-degenerate ground states:
Schrödinger equation H|Ψ〉 = E0 |Ψ〉 :

(

Ĥ0 + λV̂
) ∞∑

n=0

λn |Ψ(n)〉 =
∞∑

m=0

λm E
(m)
0

∞∑

k=0

λk |Ψ(k)〉

Energies:

E
(n)
0 = 〈 0 |V |n− 1 〉

Coefficients:

c
(n)
k = 〈Φk|Ψ(n)〉 =

1

E
(0)
0 − E

(0)
k

[〈 k |V |n− 1 〉

−E
(1)
0 c

(n−1)
k − E

(2)
0 c

(n−2)
k − . . .− E

(n−1)
0 c

(1)
k

]



Some more examples

Convergent or divergent? Calculate matrix elements via the Full-CI matrix

elements 〈 I | Ĥ | J 〉 − 〈 I | Ĥ0 | J 〉, and denominators E(0)
0 − E

(0)
k

• Slater-Condon rules

• 1-electron, 2-electron integrals

• Diagonal elements of the Fock matrix

• Calculate energy and coefficients order by order, in alternance

• One may compare to results of Wigner’s 2n+ 1 rule

E
(2n+1)
0 = 〈Ψ(2n) | V̂ | 0 〉 = 〈Ψ(n) | V̂ |Ψ(n) 〉+ lower-order terms

E
(3)
0 = 〈Ψ(1) | V̂ |Ψ(1) 〉



Some more examples

Example Be atom in a near-minimal Slater basis, MP series, 2 electrons correlated
0 -14.163174203154 -14.163174203154

1 -0.382190298908 -14.545364502062 (HF = -14.545364502062)

2 -0.020687496606 -14.566051998668

3 -0.012354937245 -14.578406935913

4 -0.006842089842 -14.585249025755

5 -0.003445406540 -14.588694432295

6 -0.001511429235 -14.590205861530

7 -0.000512011616 -14.590717873146

8 -0.000061980390 -14.590779853536

9 0.000095461250 -14.590684392286

10 0.000116894077 -14.590567498210

11 0.000088618926 -14.590478879284

12 0.000052254644 -14.590426624640

13 0.000023828191 -14.590402796449

14 0.000006508974 -14.590396287475

15 -0.000001779350 -14.590398066825

16 -0.000004360926 -14.590402427751

...

25 0.000000104127 -14.590410663845



Some more examples

Change summation strategy: Shanks transformation

• Slowly convergent series: SN :=
∑N

i=0 ai

• suppose SN ≈ S + a bN with 3 parameters, S, a and b

• take SN+1, SN , SN−1, thus
b = (SN+1 − S)/(SN − S) = (SN − S)/(SN−1 − S)

•
S =

SN+1SN−1 − S2
N

SN+1 + SN−1 − 2SN

1 0.0000000000000000

2 -14.596725974242620

3 -14.593740861277285

4 -14.592189260977946

5 -14.591387063773329

6 -14.590980181805527



Interpolation

• function f(x) and derivative f ′(x) known at grid-points xi

• What is the best polynomial to interpolate between xn and xn+1?

x0 x1 x

f(x)

Cubic polynomial f(x) = a+ bx+ cx2 + dx3 = a+ x(b+ x(c+ xd))

• Suppose xn = 0 and xn+1 = 1→ scale f ′ with xn+1 − xn



Interpolation

System of equations

f(0) = f0 = a

f(1) = f1 = a+ b+ c+ d

f ′(0) = f ′
0 = b

f ′(1) = f ′
1 = b+ 2c+ 3d

with solution

a = f0 , b = f ′
0 , c = −3f0 + 3f1 − 2f ′

0 − f ′
1 , d = 2f0 − 2f1 + f ′

0 + f ′
1

Re-insert in the polynomial

f(x) = f0(1− 3x2 + 2x3) + f1(3x
2 − 2x3) + f ′

0(x− 2x2 + x3) + f ′
1(x

3 − x2)



Interpolation

Interpolation scheme with tabulated f(x) and f ′(x)

1. is x within the limits of the table?

2. which are the two grid points with xn < x < xn+1?

3. get f(xn) and f(xn+1), scale derivatives f ′(xn) and f ′(xn+1)

4. put data in a vector

5. determine relative coordinate h = (x− xn)/(xn+1 − xn)

6. evaluate the 4 polynomials at h: u1(h) = 1− 3h2 + 2h3,
u2(h) = −1− u1(h), u3(h) = h(1− 2h+ h2), u4(h) = h2(h− 1)

7. assemble the polynomial f(x) as scalar product of the data and the vector of
the polynomials ui(h)
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