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Part I
Sums over spin combinations

We give here the expressions of the sums over the “spin” combinations that are needed to calculate the exchange energy per
particle of the relativistic homogeneous electron gas for the Coulomb-Breit electron-electron interaction [Eq. (A1) of the main
paper]. The notations used here are the same as in the main paper [see in particular Section III A]. We first consider the Coulomb
contribution, and then the Breit contribution which contains the o matrices and is thus slightly more complex to calculate.

I. COULOMB CONTRIBUTION

We wish to calculate the expression
D0 o W (T, (62, o, (2), (1)
o1,02=1T

which means that we have to consider four spin combinations, and contrary to the non-relativistic case none of these combina-
tions is zero.

julien.paquier @Ict.jussieu.fr 1 foulouse @It jussieu.fr


mailto:julien.paquier@lct.jussieu.fr
mailto:toulouse@lct.jussieu.fr

a. Calculation of the T/T/7/T and [/1]1]] terms for the Coulomb interaction
We consider the expression of the product of two T-spinors

Um0 = (0 a0 ) 2700

Xk, 1 (T1)
= (¢, 1EDGI D) + xf, EDXIGA(TD))
_ l Ek] + C2 Ekz + C2 e*i(kZ*k])-rl 1+ Cz(kl~k2 + l(kl X kz)z) (2)
v\ 2E, 2E;, (Ex, + )(Ey, + ¢?)

so that

lﬁk 2D, T(l'l)lﬁkz 1@ 1 (r2) =
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with the [/]/]/] term being equal to this one.

b. Calculation of the T/1/1/T and |/T/1/| terms for the Coulomb interaction
We consider the expression of the product of a T-spinor and a |-spinor

Gt = (o) 20 2467
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1 \/E,q +2 \/Ekz 4 iy, Cill X Ko), — il X Ko),)

4
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with the |/7/7/] term being equal to this one.

c.  Sum of the four Coulomb spin combinations
The sum of the four spin combinations previously determined is, using the relative variables kj» = k; —k; andrj; = r; — ry,

1 ki ((Ek] +ONE +) | Alkiky)  H(kik) + (ki X ko))

r o (I r o (I + +
o ;l T lﬁkl (T]( l)wkz 2( 1)lﬁkz (Tz( Z)wk] l( 2) 4Ek1 Ekz 2Ekl Ek: 4(Ek1 + CZ)(Ekz + CZ)EklEkz
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V2 Ey, Ex,

II. BREIT CONTRIBUTION

We wish to calculate the expression

WL o, D@L T 1), 0, (X1) lﬁitz o, 2@ T 1)k, o, (1)

D (wlim(r1>alwm(rl).w.tz,f,z(rz>azwkl,¢,(rz)+ : — )
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We work in two steps: first, we calculate the four spin combinations for the first Gaunt-type part (which we shall simply refer
to as Gaunt in the following), and then we calculate the four spin combinations for the Gauge retardation part (which we shall
simply refer to as Gauge in the following).

a. Calculation of the T/T/71/T and l/1]1]] terms for the Gaunt part of the Breit interaction:



We consider the expression of the product of two T-spinors

Pk, 1 (T1) )
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thus we have
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with the |/]/]/] term equal to this one.

b. Calculation of the 1//1/T and |/1/1/] terms for the Gaunt part of the Breit interaction
We consider the expression of the product of a T-spinor and a |-spinor

Pk, 1 (T1) )
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with the |/1/1/] term equal to this one.

c. Calculation of the 1/T/1/T and |/1/1/] term for the Gauge part of the Breit interaction
We consider the expression of the product of two T-spinors
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with the |/]/|/] term being equal to this one.

d. Calculation of the 1/|/1/T and |/1/1/| term for the Gauge part of the Breit interaction



We consider the expression of the product of a T-spinor and a |-spinor
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with the |/1/7/] term equal to this one.

e. Sum of the four Gaunt and four Gauge terms

The sum of the eight spins combinations previously determined is
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where the last expression has been simplified considering that
(ky.r)(kor)  (k; Xr)(ky X1) . .
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is zero once integrated over ¢; or ¢, on [0, 2], and therefore this term can be removed with the understanding that the expression
must always be used in an integral over ¢; or ¢;.

Part II
Large-¢ asymptotic expansion

We explain here the key steps involved in the analytical calculation of the coefficients of the large-¢ asymptotic expansions of
the short-range Coulomb and Breit exchange energies per particle [Eqs. (36) and (41) of the main paper]. The Coulomb and
Breit terms being of similar forms, we only explicitly consider the short-range Coulomb exchange energy per particle. We start



from its expression in Eq. (35) of the main paper
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From now on, for simplicity, we drop the tilde notation and it will be implicit that ki, k», ¢, and u are in units of kr. We want to
find the expansion for ¢ — co. The expansion of the first part of the integrand is

1 Kok 1 3k Kk 3k 1 1
—H|—=+—+—==|=+0[=<]. 19
’—/—1+ c2(2 2c4+8+4+8c6+(c8) (19)
and the expansion of the second part of the integrand is
2, 121
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441 + ,/

16 8 16
Permuting the sum and the integrals, we integrate the general term of the large-¢ expansion. For the first part of the exchange
energy, we need to calculate the general term

ZZZzzerz f f kl+2mkl+2n[k k2 +( (kl+k2) —e ( 152 ) 2]dk2dkl’ (21)
c k=0

and for the second part of the exchange energy, we need to calculate the general term

(20)

o e ki +k ki -k
C2m+2n fkl sz k2 [E ((‘2 2)) - El( ( 12#2)) + Itk —k)?) = In((a +k)?) |dkadhs,  (22)

with m and n positive integers, a,,,, and b, , being expressed using the coeflicients of Eqs. (I9) and (20) and are determined
uniquely by the pair {m, n}. We observe a symmetry in m and n, so that only half the terms needs to be calculated.

These integrals are analytically calculated in the following pages because, although they can be calculated using the program
Wolfram Mathematica [1]] for a given value of 2m + 2n, the general term for an unspecified value of 2m + 2n cannot be directly
integrated by the program. It is convenient to have the analytical expression of the general term in order to calculate the expansion
for large orders. The final complete expressions of the large-c expansions and their associated Padé approximants are explicitly
given up to an arbitrary order in the accompanying Mathematica notebook.

I. FIRST PART OF THE EXCHANGE ENERGY (/)

f f k1+2mkl+2n klkz +( (kl+k2) _e_(k] 2 )ﬂz]dkzdkl (23)
k=0 Jky=0

A. First integral of the first part (/,)

The first integral of the first part gives

1 1
1
I = K22 dkodk, = ) 24
! jl;ojk;o ! 2 208 9+ 6m+6n+4mn (24)




B. Second integral of the first part (/,)

The second integral of the first part is

1 1 ki thy )2
L= f f 2o n =52 g gy
ki=0 Jk=0

(25)

which can be calculated using changes of variables, binomial expansions, and integrations by parts. It will be more or less the

same procedure for all the following integral calculations, we shall do it once in full.
We start with a change of variable, k, = 2uk — k;, so that we have

1+ky

1
L=2u f k K27k = ky) e dkdk,
k

1=0 J=3t

then we use a binomial expansion to express our integral as

1+kg
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k
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n

We now consider the two last integrals successively, first the one over k and then the one over k;.

1. Integration over k in I,

We calculate the integral over k with repeated integrations by parts using at each step

ik"’1 =(i—- k2 and kaexzdx = —le’k2
dk- 2

For the first step of the integration by parts, we have
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The repeated integrations by parts lead to two different cases for the last integral, depending on the parity of the integer i.

If i is even, the final integral obtained is

so that we have
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If i is odd, the final integral obtained is
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so that we have
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2. Integration over ky in I,

We calculate the remaining integral as the sum of two sums over two different indices, 7, and i; with i = 2ij, if 7 is even and
i = 2i; + 1 if i is odd, which both run between 0 and n so that we have indeed 2 + 2n terms
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a. Sumover i,
There are four sub-integrals in the sum over i,.

First sub-integral
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where we used first the change of variable ¢t = 2"—#, then an integration by parts with
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to get rid of the error function. We then used repeated integrations by parts with the first step being
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and the final step is
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We also define a convenient notation for the result of the repeated integrations by parts over k; as
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where we used the binomial expansion
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and split the sum over j into two sums over j, and j;. We also introduced the definitions

2
1 1+ 1 1+k
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b.  Sum over i;
There are also four sub-integrals in the sum over ;.
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3. Expression of integral I,
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We have found each sub-integral of the second integral I, of the first part of the exchange energy. The expression of I is thus
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Most of the following calculations use exactly the same steps. They are written now with less details.

C. Third integral of the first part (/3)
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where we used the change of variable k, = 2uk + k.
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1. Integration over k in I5

Once again, we can calculate the integral over k£ with repeated integrations by parts, with two different cases depending on
the parity of i. If i is even we have
k-1
2u .
ke di

_k
k=2

i-1 . . k-1 ? im1— Ky ’ | — -
Ly L [(kl—l)z—l—np ) Ly e—(z)}ﬂl D”ﬁ[erf("l 1)_erf(ﬁ)], 51)
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while if i is odd we have
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i

2. Integration over ky in I3

We write the integral I3 as the sum of two sums over two indices, i, and i; with i = 2i, if i is even and i = 2i; + 1 if i is odd,
which both run between 0 and » so that we have indeed 2 + 2n terms. We have

14+2n k-t

1+2 . . 1 . el
13 — Z ( +l n) (—1)1+l(2/.l)1+l f k?+2(m+n)—t[ il klekzdk] dk]
ki=0 k=

i=0

2u

_ - 1+2n 142i ! 2+2(m+n)—-2iy (21p - 1)” \/7_1' kl -1 kl
- —Z}( % )(Zu) : fk,o Ky —5 o |of(5) (5
ip=

2u
ip—1 . 2 2
_ pz: 1 2ip = D!! 1 (ky = 12012 e—(k‘z—;') _ 212 e—(%) )dk
A 20T Qip = 1= 20p)! (zﬂ)%p—l—% ! 1 !
(1 +2n - L @il =1] () (%)
2 2+2i; f k1+2(m+n) 2i; 1‘ - o _ e
+;(2ii ; 1)( i el ;
ii—1 2 2
« ! @l 1 22 -4 2i-2, (4
a Z 20+ (24, — 2I)!! (2 )Zi;—Zli (ki = 1) e ( ’ ) -k e (2 ) dk;. (53)
=0 =2 (o

a. Sumover i,
There are four sub-integrals in the sum over i,.

First sub-integral

VI ssmeneiy 1 1 N 1 .
- k Verf(—)dk) = ——— | - erf(—) + —S;[1 _ 4
2 Juso 1 er (zﬂ)d 1 3+2m+n—iy) er( #)+ Sill +m+n—ip] (54)

Second sub-integral
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1
m+n—i, k -1
r (2+2me p)erf(l_)dkl
2u

2 k=0 !
- f Jey ) f  didk
=0
_ f oy () L - dkdk
k:O :

bl f o ) )

3+2(m+n—lp)( 2p
. 1 Kyl ’
( 3+2(m+n—lp)) (ky — 1)je7(7) dkl)
ki=0

3+2(m+n ip)
( J

3+2(m+n—zp)

1+m+n—i,

1 -1 "(3+2(m+n—ip) N \r

S i — N 2uY" o -

3+2(m+n—z'p)2u( ,Z) ( 2j, )(zﬂ)p(zh’ D! 2= |0 - erf(
=

Jj=0

e

U

_ Z[(Z 2)/1 1 (2 (zfp - Hl! [0 _ (_1)2jp—1—2/1pe_(£_;}) jl :|

= -1 =22
1+m+n—i, . 2
342 - ; -(
( ’ ;”.’ o lp))[aﬁ)ﬁ(zjon |1 - () }
: Ji + 1
Ji=0
2
2l (2)! 2ji-24; *(5—1)
‘Z Sk W[ SeTe
1+m+n—i, 1+m+n—i
1 -1 p3+2(m+n—ip) _ "(34+2m+n—iy)\ . _
= S[j P ST 55
3+2(m+n—ip)2u( ;) ( 2j, pLipl + IZ:;) 2ji+1 i Ll (55)
where we used the binomial expansion
3+2(m+n—ip) .
m+n—i, 3 2 - :
g - ( t2mtn lp)) (ky — 1)/ (56)
=) J
and split the sum over j into two sums over j, and j;. We also introduced the notations
1 v () 1 vt (5)
(ki = 1)*Ne \'¥ ) dk; = S [N] and (ky — DHN*le dky = S;[N]. (57)
k=0 k=0
Third sub-integral
1 k 2
- f k}”(”””*’“e’(ﬁ) dky = =Si[m+n— 1] (58)
k=0
Fourth sub-integral
1 ) (kr])z
f karz(ern*lP)(kl _ 1)2ip—1—21pe* o dkl
k1=0
242(m+n—ip) R 1 2
_ b (2 +2(m + n-— lp)) (ky — 1)j+2<ip—1p)—1e—(%) dk,
= J k=0
I+m+n—i, . m+n—i,
24 2m+n—iy)\ _ . . 2+2(m+n—ip)
= Z ( 2, p)Si[]p+lp_lp_1] + Z ( 2+ 1 i oL +ip = 1] 59)

Jjp=0 Ji=0



b.  Sum over i;

There are four sub-integrals in the sum over ;.

First sub-integral

1 o (uY
_f k}”("””’“) e (m) dky = =Si[m+n+1i)
k=0

Second sub-integral

R
f k1+ (m+n—i;) e \ I dkl
k=0

“”’”Z*:""") (1 +2m+n- ii))
J

=) ki=0

jp:()

Third sub-integral

1

k-1

1 (ky — 1)/ e‘(T) dk,

> (s ey () s
2jp Ji=0

2ji+1

| (&)
—f ey 2 ) gy = =S i[m o+ n - 1)
k=0

Fourth sub-integral

1 4 , 7(k,4)2
f k}+2(m+n—zi) (kl _ 1)2(“—1;) e o d/q
k=0

14+2(m+n—i;) . 1
= (1+2(m.+”_"))f G- el
=0 J k=0
m+n—i; .
3 ‘(1+2m+n—14)\ . . .
- ( ”, )Sp[1p+li—li] + >

jp:()

eaiag (1 +2(m+n— i)

Ji=0

k-1

) a,

i+ ii—
2ji+ 1 )SI[JJ” ]

13

(60)

(61)

(62)

(63)
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3. Expression of integral I3

We have found each sub-integral of the third integral /5 of the first part of the exchange energy. The expression of /3 is thus

1 1 o2
L= f f et n =52 g
k=0 Jky=0
(142 - (i, — D! 1 1
_ _Z( +‘ n) (2#)1+2zp {( Ip : ) : (ﬁ[o _ erf(—)]
= 2i, 20 3+2m+n—ip)\ 2 2u

1+m+n—i, 1+m+n—i,
1 . "B+ 2m+n—iy)\ . _ . "3+ 2m+n—iy,)\ . _ .
| Sill +men=ipl = ) ( . p)sp[fp]— > ( ")Si[m])

+ .
J»=0 2]p Ji=0 2ji+1
i—1 .
1 (2i, = D! 1 (
- ; — | — Silm+n—1]
lpz(:) 26+ (26, — 1 = 2[)!! (zﬂ)zp 1-21,
1+m+n—i, . m+n—ip :
2+2m+n—ip)\ _ . . 242m+n—ip)\ _ . .
S: —,-1 S i -1
_p ( 2 L e DI S KA N
o= Ji=
(1 +2n 2e2i | i) =1 .
+ZO(2ii+1) 240 {T?(_Si[’"”’_li]
m+n—i; m+n—i;
' 1+2(m+n—ii)) . 1+2m+n—10)\ . _ .
+ ( . Solpl + . Sl
jpz;] 2jp P /Z;) 2ji+ 1 !
-1 .
< 1 ip! 1 (
- ) == 4 = Silm+n-1]
li PR . 2li*21i 1 1
12:(:) 26+1 (24 — 21)!! (2#)
m+n—ij . m+n—ij .
' 1+2(m+n—lp)) IR '(1+2(m+n—zi)) .
+ . Solp+ii— 4] + ) Silji+i =Ll ¢ (64)
ij:;) ( 2jp P IZ:;) 2ji+1

This expression has to be subtracted from the one of the second integral I, many terms in fact cancel each other.

II. SECOND PART OF THE EXCHANGE ENERGY (/1)

! ! +2my 142015 k ky\? . ki — ky\?
Il = fk O sz . 242 [EI(—(%/JZ) )—El(—( ! » 2) )+1n((k1 ko) = In (ks + k2)?) |dkadtk, (65)

A. First integral of the second part (/1)

1 1 14+2n 1+2n ) 1 ) 1+k; )
11 = f f k2L (kg + ko)?) dkody = Z( . )(—1)" f ey 2o ( f k’zln(k)dk)dkl (66)
k=0 Jkr=0 l k=0 k=k,

i=0 =

where we used the change of variable k; = k — k.
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1. Integration over k in 11,

Ltk 1 4 . 4 4
f k' 2 1n (k) dk =2 a+ 02 Y= (L+ k)™ — (L+ Dk In (k) + (L+ D1+ k)™ In(1 + &) (67)
k=k,

2. Integration over ky in 11,

14+2n 1+k
1 2 " Lo
111 _ Z ( + I’l)( 1)1 ,f ki+2(m+n) 1(f ¥21n (k) dk) dkl
g k=0 k=ky

2 420\ 2 (=) 4
= Z( ) T f k“z“”*"“(k}“' — (A +k)"™ = A+ Dk (k) + 1+ D1+ k) *n(1 +k1))dk1,(68)
i l

which we will integrate term by term over k.
First sub-integral

1
1
k2+2(m+n)+ldk — 69
j,;zo 1 ! 44 2(m+n) (69)

Second sub-integral

1 1+i . 1
» . 1+ m+n)—i+j
_f k%+2(m+n) iq +k1)l+ldk1 __ z:( ‘ l)f kf+2( +n) Hdkl
k=0 J k=0

=0

I +i 1
:_Z( j )3+2(m+n)—i+j 70

Third sub-integral

1
—(1 . k2+2(m+n)+11 k ki = (1 N 71
(1+19) o n (k) dky = ( +l)4(2+m+n)2 (71)
Fourth sub-integral
1 . .
(1+1) KR+ k) In (1 + k) dky
k=0
2+2(m+n)—i . 1
242 - . .
=+ Y ( +2(m +m) ’) (—1y f (1+ k)" In (1 + ky) dky
j=0 J k=0
2+42(m+n)—i . i
B ) 24+2(m+n)—i\ ()™ it L
=+ > ( ; )m(1+2++/(—1+(l+])ln(2)+ln(4)) (72)

J=0

where we used the binomial relation in Eq. (I)).
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3. Expression of integral 11,

We have found each sub-integral of the first integral /1; of the second part of the exchange energy. The expression of I1; is
thus

1 1
11, = f f 1 2m b+ 2n ((k1 +k2)2) dkydk;
ky k=0

2 4 on\2(=1) 1 1+ 1 . 1
:;( i )(1+i)2 {4+2(m+n) - JZ( j )3+2(m+n)—i+j MR e

=0

2+42(m+n)—i 242 . 1 —i—j o
+(1+i) 20: ( - (mj+ n) ’) ﬁ (1+22“+f(—1+(i+j)1n(2)+1n(4)))}. (73)
<

B. Second integral of the second part (/1)

1 1 14+2n k-1
1+2 ; T
1 = f f K220 (k) = ko)) dkodlky = Z( ’ ”)( DR f kT ( f k’zln(k)dk)dkl (74)
k1=0 Jk=0 k1=0 k=ky

i=0

where we used the change of variable k; = k; — k and a binomial expansion.

1. Integration over k in 11,

k-1 1 4 . 4 4
f K 2 In (k) dky =2 T+ K= (k= D™ — (1 + D In k) + (1 + )k = D In k- 1) (75)
k=ky

2. Integration over ky in 11,

1+2n 1+2n 1 ) ki—1 )
In = Z( )( 1y f 1 20men- ( f k’zln(/odk)dkl
k=0 k=ky

i=0
1+2n
+2n\2 (=)~ {1 : ‘ 4
- Z( n) (i +))z f k}”("””)’(k}“ — (ki = D — A+ DI k) + (1+ D)k — D)™ (1 = ky) |dki (76)
i 1

which we integrate term by term over kj.
First sub-integral

1
1

k2+2(m+n)+ldk — 77

fklzo 1 YT A 2m+n) (D

Second sub-integral

1 1+i . 1
. . 1+ i i m+n)—i+j
_f k%+2(m+n) i (kl _ 1)1+1dk1 - _ z : ( ‘ l) (_1)1+1_Jf kf+2( +1) Hdkl
k=0 J ki =0

J=0

1+ 1
=_Z( j )(_1) 3 2mrm—it) 78

J=0
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Third sub-integral

1
—(1+10) 2 0 (k) dky = (1 + i)

_— 7
k=0 4(2 +m+ I’l)2 ( 9)

Fourth sub-integral

1 P ) 2+2(m+n)—i 2+2(m+n)—i 1 N
(1+1) = e 1 I (1 = ky) dky = (1 + i) , (ky — D I (1 = ky) dky
1
k=0 =0 J k=0
2+2(m+n)—i . L
, 242(m+n)—i\  (=1)*
=(1+ S — 80
den ), P Ferey e

where we used the binomial relation in Eq. (36).

3. Expression of integral 11,

We have found each sub-integral of the second integral /1, of the second part of the exchange energy. The expression of I/, is
thus

1 1
L = f f k2 In (k1 - ko)?) dkadlky
k1=0 Jk=0

142n _yI-i 1+i :
22(1 +.2n)2( ) { 1 ) Z(lJ.rz)(_l)m_j L
[ A+ |4+2(m+n) ; J 34+2m+n)—i+j

i=0 =0
24+2(m+n)—i . it
) ) 2+42m+n)—i\ (—1)*/
i e 2 (T g @D

C. Third integral of the second part (/13)

ot ki + ko \?
1L = f f k}*zfﬂk;”"Ei(—(&))dkldkz
k=0 Jkr=0 2u
1 1 00 e_r
_ f f k{+2'"k;+2"( - f o )dkldkz
k=0 Ji,=0 () 1

1+ky

ey 1+2n ; ; ! ; u ot
— Z ( ) )(_1)1—1(2/1)1+l f k?+2(m+n)fl kl( _ f Tdt )dk dkl (82)
w0\ ! = k

k=0 k=3t

where we used the change of variable k, = 2uk — k.

1. Integration over k in 113

We calculate the integral over k with an integration by parts using

d ) 5 ze—kz k ; ki+1
EEl(—k)z — and fxdx=i+1 (83)
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so that we have

1+kg

ol © ot 1 1
f/‘ kl( - f e—dl)dkz —1ﬁ
k=KL e 1 1+ (2#)

1+kq

2 2 =
(1+k1)”1Ei(—(1;ﬂkl)) - (kl)”lEi(—(;‘—;) )] - % " KeFdk.(84)

k=4

)

2u

We can observe that the integral over k is now exactly the integral that has been calculated for the second integral of the first part
of the exchange energy but for a —2/(1 + i) factor. We introduce the notation

1+k)

1+2 . ot . el
( ' n) =D ew™ f Jey T2 f " KeFdkdk = (1) (85)
k=0 k=4

i
2u

for the following calculations.

2. Integration over ky in 115

We now can split the sum over i, and i

1+k)

2 1+2n . . 1 . 2u . 0 e_t
1n Z( . )(—1)1"(2;1)“' f 2 20men f k’( - f —dt)dk dky
i=0 ! k=0 k=5t [
n 24+2(m+n)-2i,
-2 1+2n) (" K ’ 5 1+kp\2 4 ki \?
boi) - b 1+ k)PE —( ) (k) Ej —(—) dk
Z(zip+1{2’zp} ( 2i, )f,ﬂo el R 1( 2 k™R A5, :

=0
1 kl+2(m+n)—2ii ' 1 k 2 ' k >
! a +k1)2’i+2Ei(—(L)) — (k)¥*Ei (—(—1) )]dkl). (86)
2u 2u

- -2 1+4+2n
+ ——— (b} + _—
Z(Zii ¥ 7 22in) (2;’i + 1) j,;o 2i +2

;=0

a. Sumover i,

There are two sub-integrals in the sum over i,.

First sub-integral

We calculate this integral over k; with an integration by parts using

2
d kl 2 2 e—(%) k 3420mtm) k4+2(m+n)
2Rl -2 — d mim g — & 87
dk (Zu) oo f x YT i 2mn &7
so that we have
. 11\2 2
! (2 2m+ ps ki \? dkr = Ei (_(Z) ) 2 b e ,(%)
- 1 1|—| — 1 == + kl e dkl
k=0 2u 4 +2(m+n) 4+ 2(m+n) Jy,=o

EE) o
__4+2(m+n) - 4+ 2(m+n)

ilm+n+1]. (88)

Second sub-integral
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1 > 2+2(m+n—ip) . 1
m+n—i, : . 1 k 2 2 _ . o . 1 k

f kTJrZ( +n—ip) (1 + k1)21p+1E1 (_( + 1) )dkl _ Z ( +2(m + n lp)) (-1 j (1+ kl)]+21p+lEl (_( + 1)2) dky
k=0 2u = J k=0 2u

2+2(m+n—ip) (

-3

2+%m+n—%j (~1)
=0

j J+2i,+2

o) -sf )

l+m+n—i, o Z(m - lp) 1 L .
- § i —2. ; Si [Jp+lp]
= Jp Jp +2ip +2

m+n—i, .
2+2 - 1
+ ( + (m +n lp)) S;[]l + ip + 1] (89)

= 25i+1 2ji +2ip +3

where we used a binomial expansion, the same integration by parts as before, and then split the sum over ;.

b.  Sum over i;

There are two sub-integrals in the sum over i;.

First sub-integral

2
Ei|—( 4L
1 k \2 ( (m)) )
_ R+l g _(_1) = — i X

fkl=o ! ' 2u dky 4+ 2(m+ n) i 4+2(m+n)S lm+n+1] (90)

Second sub-integral

I : . 1+ k)2 PR (142 —ij e 42i Ltk
f ki+2(m+n—t.) (1 + k1)2“+2Ei (_( + K1 ) )dkl — Z ( + (m + n—1i )) (_1)7/ (1 + kl)/+21;+2Ei (_( + K1 ) )dkl
k=0 2u j=0 J hi=0 i

1+2(’"§:’f"i) 1+2(m+n—1i) ﬁ
j J+2i+3

v (1) - u{(L))

StUp + i+ 1]

J=0

m+n—i; .
1+2m+n—i
N ( (m+n-—i)

= 2jp ) 2jp+2i;+3

m+n—i; .
1+ 2 — i
( i) S*Lji+ii + 1] 1)

0 2ji+1 )2j1+2ii+4
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3. Expression of integral 115

We have found each sub-integral of the third integral /75 of the second part of the exchange energy. The expression of 113 is

thus
ot ki + ko \?
1L = f f ki”mk;*z"Ei(—(L) )dkzdkl
k=0 Jky=0 2u
2
\ Ei(—(zi))
-y 2 L (1 Z 2
12, +1 200 1\ 26

- S
4+2(m+n) - 4+ 2(m+n)
2+2(m+n—ip)

) S (1) - sl 3]

ilm+n+1]

= j J+2i,+2
m+n—i,+1 .
2+2(m+n—lp)) 1 e
+ , =5 Up +ipl
jpz;) ( 2jp 2jp +2i,+2° 1P 0P
m+n—i, .
2+2(m+n—lp)) 1 e L }
- . =S i+ + 1]
Ji=0 ( 2ji+1 2ji+2ip+3°°F Sty
2
d 2 1 (1+2 El(_(ﬁ)) 2
- n
—|I i - - Si 1
+Z{2ii+2{ 2201} 2ii+2(2ii+1) Txomen) T aramanyimtntll

;=0

+ szi:n_ii) L+20m+n—i)) (=D
j Jj+ 2+ 3

v (1) - w4

N M+ 2(m = i)
2jp 2jp+2i;+3

J=0

Stljp +ii + 1]
jp:(]

m+n—i; .

1+ 2(m+n—1) 1 .

— ST+ +1
( 2ji +1 )2ji+2ii+41[Jl ]

}. (92)

Ji=0

D. Fourth integral of the second part (/1)

1 1 kl _ k2 2 1 1 0 ot
Il = f f J e 2m e 2ngy (_(—) )dkzdk1 = f f k}+2mké+2n( _ f o )dkzdkl
k=0 k=0 2 k=0 Jkp=0 (bla) 1

k-1

&+ 2n : e {r¥ . S
— Z ( ) )(_1)1+l(2#)1+l f kf+2(m+n)—l kl( _ f —dt )dk dk] (93)
par l k=0 k e 1

i
=3

where we used the change of variable ky = —2uk + k;.

1. Integration over k in 11,

We calculate the integral over k using the usual integration by parts

k-1 k-1

ol © oot 11 k-1 AR 2
Kl - € dt k= —— |k - D*'E —( ) ~ (k)*'E —(—) = ke dk. (94
fk— ( fk t t) i+1( )’“[(1 ) 1( 2 B 2u i+ 1 Jicl ‘ oy

9|

2u
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We observe that the integral on k is now exactly the integral that has been calculated for the third integral of the first part of the
exchange energy but for a —2/(1 + i) factor. We introduce the notation

k-1

142 oo [ [T g
( +. Vl) (_1)171(2/1)1“[ k?z(’"”‘) ’f i k’eikzdkdkl ={h,} ©3)
j k=0 k=

2u

for the following calculations.

2. Integration over ky in 11,

We split the sum over ij, and i;

k-

1+2n 1+2n ) ) 1 ) Tl ' o ot
I = E ( , )(_1)1+t(2ﬂ)1+z f e f k’(— f s )dk "
i\ ! ki =0 k=4 et
2+2(m+n)-2i,

n -2 1+2n 1 k1 P ' kl—lz ‘ " ,

- I i - —|(k —1219+1E' _( ) — (k 21p+1E- _(_) dk
Z. _O(Zip+1{ 3.2} ( 2, ) jl;=o 2, + 1 [( - D 1( % (k)™ Ei % |
ip=

L2 L+2n| (1 k2 ’ ki — 1\ 4 %
"% L B |k - 122E —( ) — (k)¥*2Ei —(—) dk, . (96
+Z(2ii+2{ 3201} + (21}+ 1) jl;o T [( 1= 1 1( o (k1) i 0 1]- (96)

;=0

a. Sum over i,
There are two sub-integrals in the sum over i,.

First sub-integral

2
Ei|-(+
1 ki \2 ( (2#)) 2
B f k?z(mmnlEi(_(_;))dkl: + Silm+n+1] 97)
ki=0

_4+2(m+n) 44+ 2(m+n)

Second sub-integral

1 2
m+n—i, i . ki —1
f k?+2( +n—ip) (kl _ 1)21P+IE1 (_( 1 ) )dk]
k=0 2u

242(m+n—ip)

— 1 —1\2
Z (2+2(mj|-n zp)) (ki — 1) Ef (_(lq 1) )d/q
J 0 2

=0 k=
0 - (~1)I2 (—(;—;)2)}

242(m+n—ip)
ET (2 4 2m + - iy) 1 o
- > . ST Ly +ip]
Jp 2jp +2ip, +2

2+2(m+n—ip) 1
j J+2i,+2

J=0

jp:()
m+n—i, .
2+2(m+n—ip)
2ji+1 2ji +2ip + 3

Sg[ji+ip+1]. (98)
Ji=0

b.  Sum over i;
There are two sub-integrals in the sum over i;.

First sub-integral

Si[m+n+1] 99)

) o H (_(ﬁ)z) 2

1 k 2
_ 2 2men g _(_1) dki = —
fklo ! ! 2u 44+ 2(m+ n) +4+2(m+n)



Second sub-integral

1 1+2( —i;) . kl - 1 2
f ke P (k= 1) Ed (—( ))dkl =
k=0 2u

1+2(m+n—i;) .
(1 +2(m + n-— li)) ! (ky — 1)j+2ii+2Ei (_(kl -1
0 2u

=0 J ky=

“2(’”2""‘) (1 +2m+n- ii)) 1

= J J+2i+3
m+n—i;
1+ 2(m+n—i) o
- — S*[j,+i+1
jo( 2Jp 2jp+2i;+3 plip +ii+ 1]
=
m4n—ij .
1+2 — i 1
- (* N ’))fsi*[mml]
0 Ji + 1 2]1 +20+4

3. Expression of integral 11,

0 — (~1)*iTE; (—( -

We have found each sub-integral of the fourth integral 71, of the second part of the exchange energy. The expression of /14 is

thus

1 1 2
11, = f f KL+l (—(u) )dkzdkl
k=0 Jky=0 2u
2
\ Ei (—(%))
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