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Many-Body problem: same old problem but 
with an infinite number of electrons 

Many-Body problem  

Infinitely many-body 
problem

A perfect crystal
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Properties of interest: Photoemission and Absorption 

Two state-of-the-art methods for solid state: DFT & MBPT 
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Finite-cluster approach (solid=cluster, fragment or both (optionally embedded))

Adapted from: Usvyat et al., WIREs Comput Mol Sci. 8, e1357 (2018)
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From molecular orbitals to band structure: 
the chemist’s view 

Adapted from: Roald Hoffmann, Angew. Chem. Int. Ed. Engl. 26, 846 (1987)
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From molecular orbitals to band structure: 
the physisist’s view 
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Insulators, semiconductors, (semi)metals 

full band

empty band

band gap

full band

partially filled 
band

partially filled 
band

partially filled 
band

INSULATOR 
( band gap              )                 >> KBT

SEMICONDUCTOR  
( band gap              )                 

METAL  
(band gap=0)
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Properties: spectroscopy 

Adapted from: Patrick Rinke,  Hands-on Tutorial on Ab Initio Molecular Simulations: Toward a First-Principles Understanding of 
Materials Properties and Functions
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Ab-initio theories: functional theories

Interacting system
Simpler physical quantity, 
e.g. the density or 
quasiparticles



DFT                         

Theoretical framework

MBPT

ρ density (quasi)particles
⌇

Electron correlation

⌇

Observables

how do we approximate many-body effects ?

how do we express the observable of interest in terms of the reduced quantity of choice ?

vs

Σ



Density Functional Theory

 Hohenberg & Kohn, PR 136 , B864 (1964);  Kohn & Sham, PRA 140 , 1133 (1965)
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Time-dependent Density Functional Theory

KS equations

KS potential

density

vext(t)

vKS[ρ](r, t) = vext[ρ](r, t) + vH [ρ](r, t) + vxc[ρ](r, t)
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i
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ρ(r, t) = ρKS(r, t)

vKS(t)

Runge & Gross, Phys. Rev. Lett. 52, 997 (1984)
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◦ total energy

◦ Ionisation potential (minimal energy to remove an electron)

◦ Neutral excitations

◦ ...

(TD)-Density Functional Theory 
Observables
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DFT: fundamental gap  

Baerends, Phys.Chem.Chem.Phys. 19, 15639 (2017)
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DFT: fundamental gap  

Baerends, Phys.Chem.Chem.Phys. 19, 15639 (2017)
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DFT: fundamental gap  

Baerends, Phys.Chem.Chem.Phys. 19, 15639 (2017; Hüser et al. Phys. Rev. B: Condens. Matter Mater. Phys. 87, 235132 (2013)



DFT: Photoemission spectra  

D(E) =
1

V

NX

i=1

δ(E − E(ki))

DOS=Density of state

Bulk Si

Waroquiers et al. PRB 87, 075121 (2013)



Bulk NiO (ParaMagnetic phase)

Ni d8
Crystal 
splitting t2g

eg

Δcrys

DFT: Photoemission spectra  

Rosksalt 
structure

O

Ni

Di Sabatino, Berger & Romaniello JCTC 15, 5080 (2019)



DFT:  Optical spectra  
Standard semiconductorsSimple metals

Berger, PRL 115, 137402 (2015); Cavo, Berger & Romaniello, arXiv:1908.00808; Di Sabatino, Berger & Romaniello in preparation 

Wide-gap insulators 2D materials

MoS2Experiment
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Berger, PRL 115, 137402 (2015); Cavo, Berger & Romaniello, arXiv:1908.00808; Di Sabatino, Berger & Romaniello in preparation 

Wide-gap insulators 2D materials
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Sharma et  al., PRL 107, 186401 (2011) 
Rigamonti et al., PRL 114, 146402 (2015)

https://arxiv.org/abs/1908.00808


DFT:  conclusions 

Band gap, direct (quasiparticle) photoemission spectra, 
optical spectra well described in simple metals and standard 
gapped materials  

Strongly correlated materials, photoemission spectra, optical 
spectra of 2D/van der Waals materials still a major challenge 
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Hedin, PR 139, A796 (1965)
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◦ total energy

◦ density matrix

◦ removal/addition energies

◦ spectral function (PES)

◦ ...

Many-Body Perturbation Theory 
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MBPT: Photoemission spectra  
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Gatti et al. PRL 99, 266402 (2007); Gatti, PhD thesis, École polytechnique (2007) 



Multiple quasiparticle solutions 

Zp(ω) =



1�
∂<[Σc

p
(ω)]

∂ω

�

−1

✏
G0W0

p
= ✏

HF

p
+ Zp(✏

HF

p
)<[Σc

p
(✏HF

p
)]

H2 molecule
 Linearised QP equation

 Eigenvalue QP equation ! = ✏
HF

p
+ <[Σc

p
(!)]

Véril, Romaniello, Berger & Loos, JCTC 14, 5220 (2018); Loos, Romaniello & Berger, JCTC 14, 3071 (2018)



Self-screening problem 

Hubbard dimer 1/4 filling
t

Romaniello, Guyot & Reining, JCP 131, 154111 (2009); Nelson et al. PRA,75, 032505 (2007); Caruso et al. PRL 86, 081102 (2012) 



Plasmaron (hole-plasmon) artifact 

Guzzo et al.,  PRL 107, 166401 (2011)
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Missing strong correlation 

Hubbard dimer 1/2 filling
U

t

Romaniello, Bechstedt & Reining, PRB 85, 155131 (2012)



Bulk NiO (ParaMagnetic phase)

Stefano Di Sabatino’s private communication

Experiment  

standard theory 

Missing strong correlation 



Beyond GW: screened T matrix
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Romaniello, Bechstedt & Reining, PRB 85, 155131 (2012); Springer et al.,  PRL  80, 2389 (1998)



Beyond GW: screened T matrix
The 6eV satellite in Ni PES
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6eV satellite
6eV satellite

majority spin

T matrix T matrix

minority spin

Ni d9

Springer et al.,  PRL  80, 2389 (1998)



Beyond GW: screened T matrix

Hubbard dimer at 1/2 filling

Romaniello, Bechstedt & Reining, PRB 85, 155131 (2012)



Multiple solutions

G = G0 +G0Σ[G]GDyson equation multiple solutions
G0 → G



Multiple solutions

G = G0 +G0Σ[G]GDyson equation multiple solutions
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1st order nonlinear coupled functional differential eqs
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Kadanoff & Baym -Quantum Statistical Mechanics NY (1962) p. 44
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1st order nonlinear coupled functional differential eqs

     from a functional differential equation

G = G0 + G0ΣG

Dyson eq.

Σ = vH + ivc
δG

δVext
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−1⤵

G = G0 +G0vHG+G0VextG+ iG0vc
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δVext

G

What strategy can be used to find the general solution? 

Is there more than one solution? 

If yes, how can the physical solution be determined?
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The Many-Body Effective Energy Theory
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12-site Hubbard model at 1/2 filling 

Di Sabatino, Berger, Reining & Romaniello, PRB  94, 155141 (2016)

The Many-Body Effective Energy Theory

µ1, µ2

µ1 from RDMFT

µ1



Paramagnetic MnO, FeO, CoO, NiO
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The Many-Body Effective Energy Theory



MBPT:  Optical spectra  

Onida et al., RMP 74, 601 (2002)
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MBPT:  conclusions 

Band gap, photoemission spectra, optical spectra well described 
in standard, wide-gap & 2D/van der Waals gapped materials  

Strongly correlated materials & beyond adiabatic approximation 
still a major challenge 
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